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Abstract.
BACKGROUND: As two of the new biological electrical impedance tomography (EIT), magneto-acoustic tomography (MAT)
and magneto-acousto-electrical tomography (MAET) achieve both the high contrast property of EIT and the high spatial reso-
lution property of sonography through combining EIT and sonography. As both MAT and MAET contain a uniform magnetic
field, vibration and electrical current density, there is a secondary process both in MAT and in MAET, which is MAET and
MAT respectively.
OBJECTIVE: To analyze the effect of the secondary process on mass point vibration velocity (MPVV) propagation in MAT
and MAET.
METHODS: By analyzing the total force to the sample, the wave equations of MPVV in MAT and MAET – when the sec-
ondary processes were considered – were derived. The expression of the attenuation constant in the wave number was derived
in the case that the mass point vibration velocity propagates in the form of cylindrical wave and plane wave. Attenuations of
propagation of the MPVV in several samples were quantified.
RESULTS: Attenuations of the MPVV after propagating for 1 mm in copper or aluminum foil, and for 5 cm in gel phantom or
biological soft tissue were less than 1%.
CONCLUSION: Attenuations of the MPVV in MAT and MAET due to the secondary processes are relatively minor, and
effects of the secondary processes on MPVV propagation in MAT and MAET can be ignored.

Keywords: Magneto-acoustic tomography, magneto-acousto-electrical tomography, wave equation of mass point vibration ve-
locity, linear damping

1. Introduction

Magneto-acoustic tomography (MAT) [1] and magneto-acousto-electrical tomography (MAET) [5]
– which have rapidly developed in recent years – combine the merits of high contrast of electrical
impedance tomography (EIT) and high spatial resolution of sonography. In MAT, the object sample
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Fig. 1. Schematic diagram of magneto-acoustic tomography model.

is placed in a uniform magnetic field and electrical current density inside the sample was generated
either by means of induction using a stimulating coil or by injection through a pair of stimulating elec-
trodes. The electrical current density inside the sample couples with the uniform magnetic field, and
the Lorentz force is generated and acts on the sample, which causes the sample to vibrate. As the vi-
bration propagates, acoustic pressures around the sample in different directions are collected using an
ultrasound transducer, and then using these acoustic pressures, the relative conductivity of the sample
is obtained through inverse problem algorithm. Xu developed magneto-acoustic tomography with mag-
netic induction (MAT-MI) [2], and Liu developed magneto-acoustic tomography with current injection
(MAT-CI) [3]. In MAET, the object sample is also placed in a uniform magnetic field. Ultrasound from
the transducer is used to cause the sample to vibrate. As the sample moves, the positive and negative
ions in the sample also move, but due to the Lorentz force acting on the moving ions, the positive and
negative ions deviate from the direction of the movement of the sample and depart for the opposite di-
rections, resulting in voltage difference and electrical current density being generated in the sample [4].
The voltage difference can be measured using electrodes and the electrical current density through a
coil. Xu developed magneto-acousto-electrical tomography with electrode detection [5,6]. Guo devel-
oped magneto-acousto-electrical tomography with coil detection (MAET-MI) [7].

In MAT, the object sample movement in the uniform magnetic field generates voltage difference and
electrical current density, so MAET (the secondary process in MAT) exists; similarly, in MAET, the elec-
trical current density in the sample coupled with the uniform magnetic field generates the Lorentz force
that acts on the sample and causes the sample to vibrate, indicating the existence of MAT (the secondary
process in MAET). Until now all research on MAT and MAET has ignored the secondary processes,
but no explanation was given [8–13]. In this study, wave equations of MPVV in MAT and MAET are
derived when the secondary processes are taken into account, and it’s found that the secondary process
can lead to linear damping to MPVV propagation. Besides, the expression of the attenuation constant
is derived when MPVV propagates in the form of cylindrical or plane wave. Finally, the attenuations –
induced by linear damping in copper foil, aluminum foil, gel phantom and biological soft tissue – are
calculated when the ultrasound in the range of 0.5 MHz and 20 MHz is used.

2. Theory

2.1. Influence of the secondary process as MAET to MAT

In MAT, as shown in Fig. 1, the object sample is placed in the uniform magnetic field B0 and the elec-
trical current density J̃1 is generated either through injection using a pair of stimulating electrodes or by
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means of induction using a coil. The electrical current density works together with the uniform magnetic
field and the first Lorentz force f̃1 acting on object sample is generated, which results in vibration of
the object sample. And an ultrasound transducer is placed around the sample in different directions each
time to collect the acoustic pressure. The secondary process in MAT is MAET, in which the movement
of the sample in uniform magnetic field produces the secondary electrical current density J̃2, and fur-
thermore, the secondary electrical current density coupled with uniform magnetic field generates the
secondary Lorentz force f̃2. The combination of the first and secondary Lorentz forces is to be the total
force to the sample. The object sample is assumed to be acoustically homogenous with constant equi-
librium density ρ0 and acoustic velocity cs, and wave equation of MPVV ṽ is obtained as Eq. (1) [14].

ρ0
∂2ṽ

∂t2
− ρ0c

2
s∇∇ · ṽ =

∂f̃

∂t
(1)

The total magnetic field contains the uniform magnetic field, the stimulating magnetic field (if stimu-
lating coil is used) and the secondary magnetic field. But, as the uniform magnetic flux density is far
higher than that of the stimulating magnetic flux density and the secondary magnetic flux density, only
the uniform magnetic flux density is included when calculating the total magnetic flux density. Then the
total force acting on the sample is gotten in the form of Eq. (2).

f̃ ≈
(
σẼ1 + σṽ × B̃0

)
× B̃0 (2)

Using Eqs (1) and (2), wave equation of MPVV is obtained as Eq. (3) when the MAET secondary effect
is included.

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
− B2

0σ

ρ0c2s

∂ṽ

∂t
= − σ

ρ0c2s
E1 ×B0g

′ (t) (3)

If the MAET secondary effect is ignored – J̃2 is neglected as well, then the total force reduces to the
form of Eq. (4).

f̃ ≈ σẼ1 × B̃0 (4)

Using Eqs (1) and (4), wave equation of MPVV is obtained as Eq. (5) if the MAET secondary effect is
excluded.

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
= − σ

ρ0c2s
E1 × B̃0g

′ (t) (5)

Compared with Eq. (5), Eq. (3) contains the first order derivative of MPVV ṽ with respect to time. As
is known that the first-order derivative term in wave equation with respect to time corresponds to linear
damping, the MAET secondary effect in MAT brings about attenuation to MPVV propagation.

2.2. Influence of the secondary process as MAT to MAET

In MAET shown in Fig. 2, an ultrasound transducer placed around the object sample in different
directions transmits ultrasound wave towards the object sample, and the object sample in the uniform
magnetic field B0 vibrates as the ultrasound passes by. As in the direction of vibration which both the
positive and negative ions move along, there is no electrical current. But in the direction perpendicular
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Fig. 2. Schematic diagram of magneto-acousto-electrical tomography model.

both to the vibration direction and to the uniform magnetic field direction, the positive and negative
ions deviate, due to the Lorentz force, for the opposite directions and electrical current density J̃1 is
generated. The secondary process in MAET is MAT, in which the electrical current density coupled with
the uniform magnetic field generates a Lorentz force on the sample, which causes the sample to vibrate.
Assuming the ultrasound transducer be point acoustic source, wave equation of the MPVV in MAET
can be written as Eq. (6) when the secondary MAT effect is considered [14].

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
= − 1

ρ0c2s

∂f̃

∂t
+

1

ρ0
∇δ

(
r − r′

)
u (t) (6)

The induced electrical current density from J̃1 is ignored when calculating the total electrical current
density J̃ since it is far smaller than J̃1. And the total force on the sample becomes the right hand side
of Eq. (7).

f̃ ≈ −B2
0σṽ (7)

Combining Eqs (6) and (7), wave equation of MPVV in MAET arrives to Eq. (8) in the case of the
secondary MAT effect being included.

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
− B2

0σ

ρ0c2s

∂ṽ

∂t
=

1

ρ0
∇δ

(
r − r′

)
u (t) (8)

When the secondary MAT effect is not taken into account – or equivalently, f̃ equals zero here, the wave
equation of the MPVV in MAET reduces to Eq. (9).

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
=

1

ρ0
∇δ

(
r − r′

)
u (t) (9)

Comparing Eqs (8) and (9), like the result in Section 2.1, one additional term in the form of the first-order
derivative with respect to time also exists in the wave equation of MPVV in MAET when the secondary
MAT effect is accounted for, which means the MPVV propagation in MAET is also linear damping. And
the MAT secondary effect brings attenuation to MPVV propagation in MAET.
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2.3. Effect of linear damping on MPVV propagation

In order to analyze the effect of linear damping on MPVV propagation independently, only the corre-
sponding homogeneous wave equation is analyzed. It can be seen that the homogeneous wave equations
of Eqs (3) and (8) are the same; and Eqs (5) and (9) also have the same homogeneous wave equations.
So, only one of the two groups of homogeneous wave equations is needed for analysis, i.e. Eqs (10) and
(11).

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
− B2

0σ

ρ0c2s

∂ṽ

∂t
= 0 (10)

∇∇ · ṽ − 1
c2s

∂2ṽ

∂t2
= 0 (11)

The Fourier transforms of Eqs (10) and (11) are given by Eqs (12) and (13), respectively, where V is
the Fourier transform of ṽ and ω2/c2s is the square of wave number, which is real and positive when no
linear damping exists.

∇∇ · V +

⎛
⎜⎝ω2

c2s
− iω

∣∣∣B̃0

∣∣∣2 σ
ρ0c2s

⎞
⎟⎠V = 0 (12)

∇∇ · V +
ω2

c2s
V = 0 (13)

As is shown in Eq. (12), the square of wave number is no longer real and becomes complex in the case
that linear damping exists. The propagation constant, γ in the form of Eq. (14), is used.

γ = ik = i

√
ω2

c2s
− iω

B2
0σ

ρ0c2s
(14)

Since γ is complex, it can be written as Eq. (15), where α and β are called the attenuation constant and
the phase constant, respectively.

γ = α+ iβ (15)

B4
0σ

2

ρ20ω
2
� 1 (16)

⎧⎨
⎩

α ≈ 1
2
B2

0σ
ρ0cs

β = ω√
2cs

[√
1 + B4

0σ
2

ρ2
0ω

2 + 1
] 1

2
(17)

When uniform magnetic flux density, conductivity and angular frequency satisfy inequality (16), com-
bining Eqs (14) and (15), analytical expression of α and β can be derived, as is shown in Eq. (17).

In MAT, as the uniform magnetic field B0 and the stimulating magnetic field B̃1 (MAT-MI is used)
are in the direction of ez , the electrical current density −eφ and the Lorentz force −eρ, MPVV can be
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Table 1
Attenuation in different samples

ρ0
(
kg/m3

)
cs (m/s) σ (S/m) B4

0σ
2/

(
ρ20ω

2
)

α e−αs

f = 2.25 MHz s = 1 mm s = 50 mm
A 8.93 × 103 4674 5.80 × 107 2.1 × 10−7 −0.69 0.999 −
B 2.70 × 103 6305 3.54 × 107 8.6 × 10−7 −1.04 0.999 −
C 103 1500 20 2.0 × 10−18 −6.7 × 10−6 − 1
D 1.02 × 103 1500 0.1 4.8 × 10−23 −3.3 × 10−8 − 1

A: Copper foil; B: Aluminum foil; C: Gel phantom; D: Biological soft tissue.

approximated as propagating in eρ. And in MAET, as the uniform magnetic field B0 is in the direction
of ez , the ultrasound −ex, the electrical current density ey and the Lorentz force ex, the MPVV can be
approximated as propagating in the direction of ex. Both in MAT and in MAET, ṽ can be written in the
form of Eq. (18). In MAT, s is ρ whereas in MAET, s is x. And when k is in the form of Eq. (14), ṽ
becomes Eq. (19).

ṽ = A0e
i(ωt−ks)es (18)

ṽ = A0e
−αsei(ωt−βs)es (19)

When there is no linear damping, k is real and positive and ṽ propagates without attenuation; and when
linear damping exists, ṽ attenuates with the attenuation constant correlating with uniform magnetic
flux density, the conductivity, constant equilibrium density and the acoustic speed of the sample as it
propagates.

3. Calculation and discussion

Using Eq. (17), attenuations of MPVV propagation in four commonly used materials – copper foil,
aluminum foil, gel phantom and biological soft tissue – are calculated. Uniform magnetic flux density
of 1T and system frequency of 2.25 MHz are assumed, and the values of left hand side of Eq. (16) are
calculated and listed in Table 1. These values are far less than 1 and inequality Eq. (16) is satisfied.
What’s more, attenuations of the MPVV after propagating for 1 mm in copper or aluminum foil, and for
5 cm in gel phantom or biological soft tissue are calculated and listed in Table 1, but the results showed
that these attenuations are less than 1%.

4. Conclusion

In this work, wave equations of the MPVV in MAT and MAET are given when the secondary pro-
cesses are taken into account. Both wave equations contain the first-order time derivative term, which
corresponds to linear damping in wave propagation. Moreover, the analytical expression of the atten-
uation constant is derived when MPVV propagates as cylindrical wave or plane wave. Furthermore,
calculation of the attenuations of the MPVV after propagating for 1 mm in copper or aluminum foil and
for 5 cm in gel phantom or biological soft tissue were done. These attenuations are too minor to be none.
So, effects on MPVV propagation of the secondary processes in MAT and MAET can be ignored.
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