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Understanding and Implementing the Finite Ele-
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In Understanding and Implementing the Finite El-
ement Method, Mark Gockenback addresses a critical
current issue in the teaching of finite element methods.
Classes based on texts such as Strang and Fix [15],
Brenner and Scott [5], or Ciarlet [6] typically focus
heavily if not exclusively on mathematical analysis and
do not prepare students to make actual computations.
On the other hand,classes taught from engineering texts
such as Hughes [13], Zienkewicz [16] or the first vol-
ume of the Texas Finite Element series [4] do not pro-
vide a thorough enough theoretical presentation. Un-
less they intend to specialize in numerical computation,
many students only get one or two classes to learn about
numerics. What should they learn? Gockenbach strikes
a balance between essential theory and very practical,
hands-on details. His book is quite accessible, the the-
ory is well-motivated, and prepared students should not
have difficulty following it.

This book divides into four sections and fifteen chap-
ters. The first part provides a basic motivation and in-
troduction variational and finite element formulations
of some model steady PDE. This is all developed us-
ing the standard mechanics of vector calculus such as
Green’s identities. A welcome feature of the introduc-
tory material is that it goes beyond the Poisson equation
to include the system of linear elasticity. Part I intro-
duces Galerkin methods, piecewise polynomial spaces,
and provides an overview of the basic convergence the-
ory. This includes a survey of results on Hilbert spaces
up through the Riesz Representation Theorem and il-
lustrations of how the model PDE considered satisfy
the coercivity condition.

Part II considers the basic data structures and im-
plementation of the finite element method. Starting
from the perspective of elementwise construction of the
stiffness matrices and load vectors, he develops neces-
sary data structures for storing mesh connectivity in-
formation. Essentially, these are integer arrays much

as would be used in a FORTRAN implementation, but
glued together in a single MATLAB data structure.
Then, he deals with constructing such meshes by vari-
ous techniques, including refinement of existing mesh-
es and MATLAB’s built-in Delaunay triangulation al-
gorithm. Following this, Gockenbach provides a thor-
ough treatment of many important details in the context
of linear Lagrange triangles, including local-to-global
mapping, quadrature for forming element matrices and
vectors, and imposing various kinds of boundary con-
ditions. This is very concrete and well-presented, if
a translation of FORTRAN into MATLAB. Chapter 8
purports to deal with arbitrary order Lagrange elements,
and includes some of the more interesting as well as
some of the more troubling aspects of the book. It in-
cludes a nice treatment of isoparametric elements, of-
ten missing from basic texts. However, his approach to
arbitrary order Lagrange polynomials entails express-
ing them as linear combinations of the standard mono-
mial basis, inverting a Vandermonde matrix on an eq-
uispaced lattice along the way. While this is fine for
low order elements, something more is needed to over-
come poor conditiong as the element degree becomes
“arbitrary”.

After handling the implementation of the mesh and
forming the system of equations, Gockenbach turns to
linear solvers in Part III. Much of this material is stan-
dard fare but accessibly written, covering direct meth-
ods before proceeding to conjugate gradient, stationary
iterations, and multigrid algorithms. Two nice features
that are somewhat nonstandard for books of this ilk are
treatments of hierarchical basis conjugate gradients and
handling the null space resulting from a pure Neumann
problem. Gockenbach’s treatment of solvers is good so
far it goes, but suffers from the same omission as many
other finite element books. Lawrence Evans writes in
the introduction to his book on PDE [10] that we know
too much about linear problems and not enough about
nonlinear ones. I claim that something analagous is true
of symmetric versus nonsymmetric matrices. While
the theory of symmetric matrices is much simpler and
leads to elegant analysis of powerful algorithms, many
important problems in the world are nonsymmetric. It
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is a shame that students are not provided with a couple
of comprehensible sections overviewing GMRES, giv-
ing them an iterative solver capable of handling non-
symmetric systems.

Finally, Part IV handles basic issues related to adap-
tive refinement. This breaks naturally into two chap-
ters – one on handling mesh data structures and another
on some simple but practical error estimators and in-
dicators. Much as before, the discussion is practical,
includes code, and focuses on essential issues. While
readers will not come away with a survey of the liter-
ature of a posteriori error estimation, they will gain a
few examples of the kinds of estimates, how to store a
nested mesh, and see the power of adaptive algorithms
on a sequence of nontrivial examples.

Gockenbach’s attempt to marry theory and practice
in a single volume is not the first. The 2004 book of
Guermond and Ern [9] entitled Theory and Practice of
Finite Elements covers similar ground with some no-
table differences of scope and audience. The analysis in
Guermond and Ern book is more advanced, including
stability and convergence theory for mixed methods.
They also include a wider range of equations (includ-
ing first order equations and time-dependent problems)
and methods (including least squares and discontinu-
ous Galerkin). The implementation portion of Theory
and Practice centers less on MATLAB and does not
include source code as Gockenbach’s book does, but
on the other hand includes coverage of some other very
practical issues such as reordering linear systems and
basic parallelization. It provides a wider and deeper
range of topics than Gockenbach, but fewer “nuts and
bolts”. If Guermond and Ern is a book attempting to
get mathematicians to compute, Gockenbach’s book is
an attempt to get beginning engineering and science
graduate students a brief introduction to mathematics
before diving into practical issues.

Despite the provided code base, one could also ar-
gue that this book, like many others, implicitly encour-
ages the detrimental practice of “roll-your-own” soft-
ware so prevelant in scientific computing. The commu-
nity around a journal such as Scientific Programming
should emphasize bringing more modern and powerful
computing practices to bear on numerics. There are
many excellent, freely available solver libraries such
as PETSc [2] and Trilinos [12]. Students gaining fa-
miliarity with such libraries have a considerable ben-
efit, as they have access to the latest solvers ready to
run on parallel machines. While MATLAB encour-
ages software reuse in the form of calling its (quite
good) existing solvers, it does not provide such an easy

entry point to the realm of high-performance parallel
computing in the same way that PETSc or Trilinos
does. Additionally, one could point to the emergence of
several high-level open source finite element packages
such as DEAL.II [3], Sundance [14], or FEniCS [1]
and domain-specific languages such as GetDP [7] or
FreeFEM [11]. While there is definite pedagogical val-
ue in having students see low-level code for meshes
and element integration, this must be weighed against
the time constraints. Finite element methods are very
intricate to implement. A one-semester class might be
better focused on having students learn basic theory (as
Gockenbach covers), surveying some implementation
details with reference to existing code, and using the
high-level code to highlight basic stability and conver-
gence theory and delve into some other applications.
The 1996 text, Computational Differential Equations
by Eriksson et al. [8], attempts this with a code called
FEMLab. Perhaps a similar treatment with more mod-
ern solver technology, a similar basic mathematical fo-
cus, and more powerful freely available available code,
would fill the niche for which Gockenbach aims even
better than this practical and readable text.
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