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Abstract. In this paper, we derive uniform local energy decay results for wave equations with a short-range potential in an
exterior domain. In this study, we considered this problem within the framework of non-compactly supported initial data,
unlike previously reported studies. The essential parts of analysis are both L2-estimates of the solution itself and the weighted
energy estimates. Only a multiplier method is used, and we do not rely on any resolvent estimates.
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1. Introduction and statement of results

In this paper, we are concerned with the following initial-boundary value problem:

utt − �u + V (x)u = 0, t > 0, x ∈ �, (1.1)

u(0, x) = u0(x), ut (0, x) = u1(x) x ∈ �, (1.2)

u(t, x) = 0 t > 0, x ∈ ∂�, (1.3)

where � ⊂ Rn is an exterior domain with smooth compact boundary ∂� such that 0 /∈ �̄. Furthermore,
let ρ0 > 0 be a real number such that ∂� ⊂ Bρ0 and assume that

(A-1) the obstacle O := Rn \ �̄ is star-shaped relative to the origin, that is, x · ν(x) � 0, x ∈ ∂�,
where ν(x) is the unit exterior normal at the point x ∈ ∂�, and Br := {x ∈ Rn : |x| < r} for
r > 0.

Regarding the potential function V (x), one assumes that V ∈ C1(�̄), V (x) � 0 (x ∈ �), both V (x)

and |∇V (x)| are bounded in �̄, and

(A-2) 1
2(x · ∇V (x)) + V (x) � 0 for all x ∈ �̄.

Note that functions and solutions treated in this paper are all real-valued.

Example 1. One can present a typical example for V (x) satisfying the assumption (A-2) as follows:

V (x) = V0|x|−α, V0 > 0,
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where α � 2. In general, the potential V (x) is called short-range if V (x) = O(|x|−δ) (|x| → ∞) and
δ > 1. This example shows that V (x) is certainly a short-range potential.

Remark 1.1. It seems quite important for this type of problem whether the case α = 2 can be included
as an example of V (x) = V0|x|−α (cf., [11] and [29]). α = 2 corresponds to the so-called scale-invariant
case (see also [4]).

Remark 1.2. In the case of a radial function V (x) = V (r) for r := |x|, assumption (A-2) can be
replaced by

rV ′(r) � −2V (r), x ∈ �̄.

Example 2. If O := B2, then we can choose V (x) := V0e
−|x| with V0 > 0.

Remark 1.3. Let us compare our assumption on the potential with [7], which dealt with elastic waves
in R3. Assumption (A-2) is weakened in [7] to the following condition:

1

2

(
x · ∇V (x)

) + V (x) � γ

2
V (x), x ∈ �̄, (1.4)

where γ ∈ [0, 1); note, if we choose specifically γ = 0, condition (1.4) in [7] is the same as assumption
(A-2). In that sense, condition (1.4) in [7] is weaker than assumption (A-2) here. However, the local
energy decay in [7] was obtained under the strong assumption that V (x) has compact support and a
finite speed of propagation. Reference [7] considered a system of elastic waves in R3, but, of course, the
results hold for a wave equation with the same type of potential.

We define the total energy for equation (1.1) by

E(t) :=
∫

�

e(t, x) dx := 1

2

∫
�

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx. (1.5)

Then, under assumptions (A-1) and (A-2), it is known that for each initial data [u0, u1] ∈ H 1
0 (�) ×

L2(�), the problem (1.1)–(1.3) has a unique weak solution u ∈ C([0, ∞);H 1
0 (�))∩C1([0, ∞);L2(�))

satisfying the energy identity

E(t) = E(0).

Regarding this, the reader can refer to [6] and [12]. Note that in our case, the operator L := −� + V (·)
is nonnegative and self-adjoint in L2(�) with its domain D(L) = H 2(�) ∩ H 1

0 (�) because of the
Kato–Rellich theorem.

Our main purpose is to study the local energy decay problem of equation (1.1) with the short-range
potential V (x). Here, for each R > 0, the local energy ER(t) can be defined as follows:

ER(t) := 1

2

∫
BR∩�

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx.

Before, proceeding, let us first discuss the related literature. For well-known local energy decay re-
sults, we note a study of C. Morawetz [19], where the uniform local energy decay result was derived
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by constructing the so-called Morawetz identity for equation (1.1) with V (x) ≡ 0. In fact, Morawetz
derived ER(t) = O(t−1) (t → ∞) under a stronger geometrical constraint on the obstacle shape, specif-
ically, for the star-shaped obstacle case. To obtain such results, Morawetz assumed that the initial data
have compact support. One of the essential parts of the work in [19] was deriving the L2-bound of the so-
lution itself by using the compact support assumption on the initial data. Additionally, the estimate of the
solution of the corresponding Poisson equation played a crucial role in [19]. In particular, in the three-
dimensional case, it can be proved using Huygens principle that the local energy decays exponentially
fast. In [20], the authors also treated the non-trapping obstacle case.

Following Morawetz, studies devoted to removing the compactness assumptions on the support of the
initial data were conducted, as reported in [21,30], and [13,14,16]. These studies adopted the multiplier
method, and in [30] and [21], the decay rate O(t−2) and the integrability of the local energy were derived
under a quite stronger weight condition on the initial data, while the decay rate O(t−1) of the local
energy was derived under a weaker weight condition on the initial data due to [13,14,16] (see also [8]
for the variable coefficient case with Lipschitz wave speeds). It should be mentioned that the latter weight
condition (|x| → ∞) imposed on the initial data seems to be the weakest assumption among the reported
results. Other related deep investigations on the topic of local energy decay include [3,18,23–25], and
[28], all under the condition of compactly supported initial data. In particular, in [1], one-dimensional
wave equations with variable coefficients were adopted to capture the exponential decay of the local
energy. To the best of the authors’ knowledge, [1] was first to explore the one-dimension case deeply.

On the other hand, for equation (1.1) with potential V (x), a few results are known. In particular, in
[29], the sharp local energy decay rates in the short-range case such that V (x) = V0(1 + |x|2)−α/2

satisfying α > 2 were investigated. In fact, the same author studied the Cauchy problem of (1.1) in
Rn (n � 3), and obtained the decay rate O(t−2). In same study, the compactness of the support of the
initial data was necessary. In connection with this, uniform weighted resolvent estimates were effec-
tively adopted. Therefore, it seems that the local energy decay problem for equation (1.1) has yet to be
considered without the compact support assumption on the initial data. We here develop our theory by
using the multiplier method based on the expanded Morawetz identity. As a side note, in [7] and [26],
local energy decay problems were investigated for elastic waves with time-independent potentials and
wave equations with time-dependent potentials, respectively. However, in both cases, the problems were
considered within the framework of compact support assumptions on both the potentials and initial data.
It should be pointed out that assumption (A-2) in the present paper is stronger than the assumption in (8)
of [7] (see Remark 1.2).

For later use, let us define a weight function dn(x) by

dn(x) =
{

|x| n � 3,

log(B|x|) n = 2,

with some constant B > 0 satisfying B inf{|x| : x ∈ �} � 2. Moreover, we denote the L2-norm of
u ∈ L2(�) by ‖u‖.

The main result of this paper is the following theorem.

Theorem 1.1. Let ρ0 > 0 be such that ∂� ⊂ Bρ0 . Further, for n � 2, require assumptions (A-1) and
(A-2) above. Finally, let R > ρ0 be an arbitrary fixed number. If [u0, u1] ∈ C∞

0 (�) × C∞
0 (�), then the
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unique smooth solution u(t, x) to problem (1.1)–(1.3) satisfies

ER(t) � CK0

t − R
, t > R,

for some constant C > 0, where

K0 :=
∫

�

u1(x)u0(x) dx +
∫

�

(
u1(x)

(
x · ∇u0(x)

))
dx + √

E(0)
(‖u0‖ + ∥∥dn(·)u1

∥∥)
+

∫
�

(
1 + |x|)(∣∣u1(x)

∣∣2 + ∣∣∇u0(x)
∣∣2 + V (x)

∣∣u0(x)
∣∣2)

dx.

Remark 1.4. In some sense, assumption (A-2) on potential V (x) is a technical condition; however, it
includes an important example α = 2, that is, V (x) = V0|x|−2, as a critical potential. An important fact
is that such a singular potential is unique such that the perturbed wave equation still follows Huygen’s
principle in dimension n = 3. For the perturbed wave equation with a regular potential, the Huygens’
principle never holds (see [9]).

It should be emphasized that the constant C > 0 determined in Theorem 1.1 does not depend on
R > ρ0, and that R > ρ0 is independent of the size of support of the initial data. These imply that
one never relies on the finite speed of the propagation property as is usually discussed (cf., [19]). This
is our essential contribution, and the condition (u0, u1) ∈ C∞

0 (�) × C∞
0 (�) imposed on the initial

data is not essential. Using density, one can discuss the same local energy decay in the framework of
H 1

0 (�) × L2(�). For this purpose, we introduce the weighted Sobolev space (see [5] and [17]).
Set w(x) := (1 + |x|). We first define the weighted L2-space by

L2(�, w) :=
{
u ∈ L2(�) :

∫
�

∣∣u(x)
∣∣2

w(x) dx < +∞
}
.

Next, we denote by W 1,2(�, w) the set of all functions u ∈ L2(�, w) for which the weak derivatives
∂ju (j = 1, 2, . . . , n) belong to L2(�, w). The norm of u ∈ W 1,2(�, w) can be defined by

‖u‖W 1,2(�,w) :=
(∫

�

(∣∣u(x)
∣∣2 + ∣∣∇u(x)

∣∣2)
w(x) dx

)1/2

.

Note that w−1, w ∈ L1
loc(�) and that C∞

0 (�) is a subset of W 1,2(�, w). Thus, one can introduce the
space W

1,2
0 (�, w) as the closure of C∞

0 (�) with respect to the norm ‖ · ‖W 1,2(�,w). From the definition
of the weight function w(x), we see that W

1,2
0 (�, w) ↪→ H 1

0 (�).
Now we are ready to state a refinement of Theorem 1.1.

Theorem 1.2. Let n � 2 and require assumptions (A-1) and (A-2). Further, let R > ρ0 be an arbitrary
fixed number. If [u0, u1] ∈ W

1,2
0 (�, w)×L2(�), then the unique weak solution u ∈ C([0, ∞);H 1

0 (�))∩
C1([0, ∞);L2(�)) to problem (1.1)–(1.3) satisfies

ER(t) � CK0

t − R
, t > R,
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for some constant C > 0, where K0 is as defined in Theorem 1.1, provided that

∫
�

|x|∣∣u1(x)
∣∣2

dx < +∞ (n = 2),

∫
�

|x|2∣∣u1(x)
∣∣2

dx < +∞ (n � 3).

Remark 1.5. Unfortunately, the constant coefficient case V (x) = m2 (m > 0) cannot be included
as an example. Actually, V (x) = m2 does not satisfy assumption (A-2), since V (x) = m2 does not
decrease radially. This is the so-called Klein–Gordon equation case, which seems to be a difficult case
to address with our method. Assumption (A-2) may express a small perturbation from the pure wave
equation case with V (x) ≡ 0. For the sharp local energy decay of the Klein–Gordon equation by using
compactness assumptions on the initial data, see the recent paper [22]. Note that if one can derive the
estimate

∫ ∞
0 ‖u(s, ·)‖2 ds < +∞ for the Klein–Gordon equation, then one may obtain the local energy

decay as stated in Theorem 1.2. This can be observed from Lemma 2.1 below with V (x) = m2.

Remark 1.6. In the assumptions on the initial velocity u1(x) of Theorem 1.2, it is easy to see that
in the case when n = 2, the condition ‖d2(·)u1‖ < +∞ can be absorbed into

∫
�

|x||u1(x)|2 dx <

∞, while in the case of n � 3, ‖dn(·)u1‖ < +∞ implies
∫
�

|x||u1(x)|2 dx < ∞. Incidentally, the
condition

∫
�

|x|V (x)|u0(x)|2 dx < +∞ can be controlled by the quantity
∫
�

|x||u0(x)|2 dx because of
the boundedness of the potential V (x).

Note that the concrete case V (x) := V0|x|−α with α � 2 can be included as an example, and in this
case, from Theorem 1.1, one has

V0

2Rα

∫
BR∩�

∣∣u(t, x)
∣∣2

dx � 1

2

∫
BR∩�

V (x)
∣∣u(t, x)

∣∣2
dx � ER(t) � CK0

t − R
, t > R,

so that one also has a local L2-decay result:

∫
BR∩�

∣∣u(t, x)
∣∣2

dx � 2Rα

V0

CK0

t − R
, t > R. (1.6)

The decay result (1.6) is closely related to that of [29, Theorem 1.2]. In [29], the critical case α = 2
cannot be included as an example.

The rest of the present paper is organized into three sections. Section 2 is dedicated to sharing some
preliminary results, which are used in the proof of Theorem 1.1. In Section 3, we prove our main re-
sult, Theorem 1.1. In Section 4, we observe the energy concentration area as a direct consequence of
Theorem 1.2. An outline of the proof of Theorem 1.2 is given in the appendix.

2. Preliminaries

The following lemma is a kind of Morawetz identity of equations (1.1) and (1.2) obtained using the
multiplier m(u) = tut + x · ∇u+ n−1

2 u. The Morawetz identity is useful when one needs to obtain some
estimates on solutions, at least for hyperbolic equations. In [2] (Lemma 3.3), identities with generalized
multipliers of Morawetz type were obtained to study the stabilization of solutions to a system of elastic
waves with localized nonlinear dissipation.
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Lemma 2.1. Let n � 2, and [u0, u1] ∈ C∞
0 (�) × C∞

0 (�). Then, the corresponding smooth solution
u(t, x) to problem (1.1)–(1.3) satisfies the following identity: for t � 0, it holds that

tE(t) + n − 1

2

∫
�

ut(t, x)u(t, x) dx +
∫

�

ut(t, x)
(
x · ∇u(t, x)

)
dx

−
∫ t

0

∫
�

(
1

2

(
x · ∇V (x)

) + V (x)

)∣∣u(s, x)
∣∣2

dx ds = J0 + 1

2

∫ t

0

∫
∂�

(
∂u

∂ν

)2

σ · ν(σ ) dSσ ds,

where

J0 := n − 1

2

∫
�

u1(x)u0(x) dx +
∫

�

u1(x)
(
x · ∇u0(x)

)
dx,

and ν(σ ) is the unit outward normal vector at each σ ∈ ∂�.

Proof. Outline of proof Since we multiply both sides of (1.1) by m(u) = tut + x · ∇u + n−1
2 u in order

to get the desired identity, it suffices to notice the following five identities.∫
�

(−�u)(x · ∇u) dx

= −1

2

∫
∂�

(
∂u

∂ν

)2

σ · ν(σ ) dSσ − n − 2

2

∫
�

|∇u|2 dx, (2.1)

where we used the boundary condition (1.3) to derive (2.1) (cf. [12]). Furthermore, one has∫
�

utt (x · ∇u) dx = d

dt

∫
�

ut(x · ∇u) dx + n

2

∫
�

|ut |2 dx, (2.2)

and ∫
�

V (x)u(x · ∇u) dx = 1

2

∫
�

V (x)
(
x · ∇|u|2) dx

= 1

2

∫
�

∇ · (V (x)|u|2x)
dx − n

2

∫
�

V (x)|u|2 dx − 1

2

∫
�

|u|2(x · ∇V (x)
)
dx

= −n

2

∫
�

V (x)|u|2 dx − 1

2

∫
�

|u|2(x · ∇V (x)
)
dx, (2.3)

where the divergence formula (see Remark 3.1) and boundary condition (1.3) were used. Finally, the
following identities hold:

d

dt

(
tE(t)

) − E(t) = 0, (2.4)

and

n − 1

2

d

dt

∫
�

utu dx − n − 1

2

∫
�

|ut |2 dx + n − 1

2

∫
�

|∇u|2 dx + n − 1

2

∫
�

V (x)|u|2 dx = 0. (2.5)



R. Ikehata / A note on local energy decay results for wave equations with a potential 287

By summing the five identities in (2.1)–(2.5) integrated over [0, t], the desired identity can be de-
rived. �

We also need the weighted energy estimate below, which is a modified version of an estimate intro-
duced originally by Todorova-Yordanov [27](see also the Appendix in [16]). For this, we will use the
following notation for the pointwise total energy and the weight function, respectively:

e(t, x) := 1

2

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
, t > 0, x ∈ �,

and ψ ∈ C1([0, ∞) × �̄) satisfying ψt(t, x) �= 0 for all (t, x) ∈ [0, ∞) × �̄.

Lemma 2.2. Let n � 2 and [u0, u1] ∈ C∞
0 (�) × C∞

0 (�). Then, the corresponding smooth solution
u(t, x) to problem (1.1)–(1.3) satisfies the following identity:

0 = ∂

∂t

(
ψ(t, x)e(t, x)

) − ∇ · (ψ(t, x)ut (t, x)∇u(t, x)
) − V (x)

2

∣∣u(t, x)
∣∣2

ψt(t, x)

− 1

2ψt(t, x)

∣∣ψt(t, x)∇u(t, x) − ut(t, x)∇ψ(t, x)
∣∣2 + |ut(t, x)|2

2ψt(t, x)

(∣∣∇ψ(t, x)
∣∣2 − ψt(t, x)2

)
,

t > 0, x ∈ �.

Proof. We first note that the solution u(t, x) is sufficiently smooth, and the following identity holds:

∇ · (ψut∇u) = ut∇ψ · ∇u + ψ∇ut · ∇u + ψut�u.

Since �u = utt + V (x)u, it follows that

∇ · (ψut∇u) = 1

2ψt

2ψtut∇ψ · ∇u + ∂

∂t

(
ψ(t, x)e(t, x)

) − ψt

2

(|∇u|2 + |ut |2 + V (x)|u|2).
Here, the following identity is crucial:

2ψtut∇ψ · ∇u = −|ψt∇u − ut∇ψ |2 + ψ2
t |∇u|2 + |ut |2|∇ψ |2.

By substitution and cancellation, it follows that

∇ · (ψut∇u) = ∂

∂t

(
ψ(t, x)e(t, x)

) − 1

2ψt

|ψt∇u− ut∇ψ |2 + |ut |2
2ψt

(|∇ψ |2 − |ψt |2
) − ψt

2
V (x)|u|2.

This implies the desired identity. �

To prove the following L2-estimate of the solution, one can use a method similar to one introduced in
[15] (see also [16, Lemma 2.2]). Since the proof relies on the Hardy inequality in the exterior domains
for n � 2, the weight function dn(x) appears in the statement (see [10]).
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Lemma 2.3. Let n � 2, and [u0, u1] ∈ C∞
0 (�) × C∞

0 (�). Then, the corresponding smooth solution
u(t, x) to problem (1.1)–(1.3) satisfies the following estimate:

∥∥u(t, ·)∥∥ � C
(‖u0‖ + ∥∥dn(·)u1

∥∥)
, t � 0.

Proof. Note that the function v(t, x) := ∫ t

0 u(s, x) ds is the solution of the problem

vtt − �v + V (x)v = u1, t > 0, x ∈ �,

v(0) = 0, vt (0) = u0.

Using the multiplier vt , for ε > 0, we obtain

‖vt‖2 + ‖∇v‖2 + ∥∥√
V (·)v∥∥2 = ‖u0‖2 + 2

∫
�

u1(x)v(t, x) dx,

� ‖u0‖2 + 1

2ε

∥∥dn(·)u1

∥∥2 + ε

2

∫
�

v2(t, x)

d2
n(x)

dx, t > 0.

Applying the Hardy inequality for dimension n � 2 and choosing a suitable ε > 0, the proof of the
lemma follows from u = vt . �

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by using Lemmas 2.1, 2.2, and 2.3.
We first use assumptions (A-1) and (A-2) and Lemma 2.1 to get the inequality

tE(t) + n − 1

2

∫
�

ut(t, x)u(t, x) dx +
∫

�

ut(t, x)
(
x · ∇u(t, x)

)
dx � J0, (3.1)

where we made use of the fact that assumption (A-1) implies σ · ν(σ ) � 0 for each σ ∈ ∂�. Thus, it
suffices to estimate two quantities included in (3.1):

I1(t) :=
∣∣∣∣
∫

�

ut(t, x)u(t, x) dx

∣∣∣∣, (3.2)

I2(t) :=
∣∣∣∣
∫

�

ut(t, x)
(
x · ∇u(t, x)

)
dx

∣∣∣∣. (3.3)

I1(t) can be estimated by applying Lemma 2.3, and I2(t) can be evaluated with Lemma 2.2.

(I) Finding a bound for I1(t).

From the Schwarz inequality, we can obtain

I1(t) �
∫

�

∣∣u(t, x)
∣∣∣∣ut(t, x)

∣∣ dx �
∥∥ut(t, ·)

∥∥∥∥u(t, ·)∥∥.
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Then, from (1.5), we see that

1

2

∥∥ut(t, ·)
∥∥2 � E(t) = E(0),

so that

∥∥ut(t, ·)
∥∥ �

√
2E(0).

Thus, combining the last relation with Lemma 2.3, we have

I1(t) � C
√

2E(0)
(‖u0‖ + ∥∥dn(·)u1

∥∥)
t � 0. (3.4)

(II) Finding a bound for I2(t).

For this purpose, we define a weight function ψ(t, x) like one introduced in [16]:

ψ(t, x) =
{

(1 + |x| − t) |x| � t, x ∈ Rn,

(1 + t − |x|)−1 |x| < t, x ∈ Rn.

Then, it is easy to check that ψ ∈ C1([0, ∞) × Rn) satisfies

ψt(t, x) < 0, t > 0, x ∈ Rn, (3.5)

ψt(t, x)2 − ∣∣∇ψ(t, x)
∣∣2 = 0, t > 0, x ∈ Rn. (3.6)

Note that (3.6) is the so-called Eikonal equation for (1.1). Therefore, it follows from Lemma 2.2,
V (x) � 0, (3.5), and (3.6) that

0 � ∂

∂t

(
ψ(t, x)e(t, x)

) − ∇ · (
ψ(t, x)ut (t, x)∇u(t, x)

)
, t > 0, x ∈ �.

By integrating both sides of the relation above over [0, t] × � and using the divergence theorem and
(1.3), we obtain a weighted energy estimate such that

∫
�

ψ(t, x)
(∣∣ut(t, x)

∣∣2 + ∣∣∇u(t, x)
∣∣2 + V (x)

∣∣u(t, x)
∣∣2)

dx

�
∫

�

(
1 + |x|)(∣∣u1(x)

∣∣2 + ∣∣∇u0(x)
∣∣2 + V (x)

∣∣u0(x)
∣∣2)

dx. (3.7)

Now, let us estimate I2(t) based on (3.7). This is just a modification of [16, Lemma 2.4]. First, let
R > ρ0 be an arbitrary fixed number. Set �R := � ∩ BR. Then, for t > R, it follows that

I2(t) �
∫

�

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx
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� R

∫
�R

∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx +
∫

|x|�R

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx

� R

2

∫
�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2)
dx +

∫
|x|�R

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx

� R

2

∫
�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx

+
∫

|x|�R

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx. (3.8)

Let us estimate the last term of (3.8). We can write

∫
|x|�R

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx

�
∫

|x|�t

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx +
∫

t�|x|�R

|x|∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx

�
∫

|x|�t

(|x| − t
)∣∣ut(t, x)

∣∣∣∣∇u(t, x)
∣∣ dx + t

∫
|x|�t

∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx

+ t

∫
t�|x|�R

∣∣ut(t, x)
∣∣∣∣∇u(t, x)

∣∣ dx

� 1

2

∫
|x|�t

(
1 + |x| − t

)(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2)
dx

+ t

2

∫
|x|�t

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2)
dx + t

2

∫
t�|x|�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2)
dx

� 1

2

∫
|x|�t

(
1 + |x| − t

)(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx

+ t

2

∫
|x|�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx. (3.9)

Thus, it follows from (3.8) and (3.9) that

I2(t) �
R

2

∫
�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx

+ 1

2

∫
|x|�t

(
1 + |x| − t

)(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx

+ t

2

∫
|x|�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx

� R

2

∫
�R

(∣∣ut(t, x)
∣∣2 + ∣∣∇u(t, x)

∣∣2 + V (x)
∣∣u(t, x)

∣∣2)
dx
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+
∫

|x|�t

ψ(t, x)e(t, x) dx + t

∫
|x|�R

e(t, x) dx,

which implies

I2(t) � RER(t) +
∫

�

ψ(t, x)e(t, x) dx + t

∫
|x|�R

e(t, x) dx

� RER(t) +
∫

�

(
1 + |x|)e(0, x) dx + t

∫
|x|�R

e(t, x) dx (3.10)

because of (3.7), where∫
�

(
1 + |x|)e(0, x) dx =

∫
�

(
1 + |x|)(∣∣u1(x)

∣∣2 + ∣∣∇u0(x)
∣∣2 + V (x)

∣∣u0(x)
∣∣2)

dx =: I0. (3.11)

Remark 3.1. In deriving (3.7), we only used the divergence formula in the unbounded domain �. This
can be justified by noticing the fact that the solution u(t, ·) is sufficiently smooth and supp u(t, ·) is
compact in �̄ for each fixed t > 0. This is due to the finite propagation property of the wave equations
since the initial data have compact support uj ∈ C∞

0 (�) (j = 0, 1). Thus, there exists a large constant
Lt > 0 for each t > 0 such that u(t, x) = 0 for |x| > Lt . Consequently, one can apply the divergence
formula in the bounded region �̄ ∩ B̄Lt

for each t > 0 in order to derive (3.7). In this paper, we use this
concept without specific mention.

Let us prove Theorem 1.1 at a stroke.

Proof of Theorem 1.1. Let R > ρ0 be an arbitrary fixed number, and take t > R. From (3.1), we
immediately obtain the following equality:

tER(t) + t

∫
|x|�R

e(t, x) dx � n − 1

2
I1(t) + I2(t) + J0. (3.12)

Because of (3.4), (3.10), and (3.12), we know

tER(t) + t

∫
|x|�R

e(t, x) dx

� J0 + C
n − 1

2

√
E(0)

(‖u0‖ + ∥∥dn(·)u1

∥∥)
+ RER(t) + t

∫
|x|�R

e(t, x) dx + 1

2

∫
�

(
1 + |x|)(∣∣u1(x)

∣∣2 + ∣∣∇u0(x)
∣∣2 + V (x)

∣∣u0(x)
∣∣2)

dx,

which implies the desired decay estimate for the local energy:

(t − R)ER(t) � J0 + C
√

E(0)
(‖u0‖ + ∥∥dn(·)u1

∥∥) + I0

2
.

Note that the part related to the exterior energy t
∫
|x|�R

e(t, x) dx cancels nicely in the computations
above. This means one cannot have any information on decay in time to the exterior energy. �
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Remark 3.2. If one uses the generalized assumption (1.4) in place of assumption (A-2), from the proof
above, the following additional quantity must be estimated in our method:

γ

2

∫ ∞

0

∫
�

V (x)
∣∣u(s, x)

∣∣2
dx ds < +∞.

Such an estimate may be extremely difficult, which is not the goal of this work.

4. Concluding remarks

In this section, we observe the energy concentration phenomenon as a consequence of the local energy
decay. In this connection, it is important not to use the finite speed of the propagation property in the
solution.

Let t > R > ρ0. From (3.7) and (3.11), we have∫
|x|�t

(
1 + |x| − t

)
e(t, x) dx �

∫
�

(
1 + |x|)e(0, x) dx = I0.

Then, for any fixed small ε > 0, it follows that∫
|x|�(1+ε)t

(
1 + |x| − t

)
e(t, x) dx � I0,

so that∫
|x|�(1+ε)t

e(t, x) dx � I0

1 + εt
.

This implies∫
|x|�(1+ε)t

e(t, x) dx = O
(
t−1

)
(t → ∞)

for any ε > 0. While one knows the energy conservation identity such that E(t) = E(0). Thus, the
following decomposition of the total energy can be performed:∫

|x|�(1+ε)t

e(t, x) dx +
∫

R�|x|�(1+ε)t

e(t, x) dx + ER(t) = E(0).

Therefore, one can observe the energy concentration phenomenon such that∫
R�|x|�(1+ε)t

e(t, x) dx = E(0) + O
(
t−1

)
(t � 1) (4.1)

by using Theorem 1.2. We observe that (4.1) may express a typical wave property from the viewpoint of
the energy propagation under the non-compact support condition on the initial data, that is, as time goes
to infinity, almost all of the energy is concentrated in the region {x ∈ � : R � |x| � (1 + ε)t} with a
small ε-loss.
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Appendix

In this appendix, we give an outline of the proof of Theorem 1.2. For this purpose, we define a weight
function as follows:

wn(x) =
{

dn(x) n � 3,√|x| n = 2.

First of all, the initial data [u0, u1] ∈ W
1,2
0 (�, w) × L2(�) with

∫
�

wn(x)2|u1(x)|2 dx < +∞ can be
approximated by smooth functions [φk, ψk] ∈ C∞

0 (�) × C∞
0 (�) (k = 1, 2, 3, . . .) such that

‖φk − u0‖W
1,2
0 (�,w)

→ 0 (k → ∞),∫
�

(
1 + wn(x)2

)∣∣ψk(x) − u1(x)
∣∣2

dx → 0 (k → ∞).

For each k ∈ N, we consider the Cauchy problem

u
(k)
tt (t, x) − �u(k)(t, x) + V (x)u(k)(t, x) = 0, (t, x) ∈ (0, ∞) × �, (A.1)

u(k)(0, x) = φk(x), u
(k)
t (0, x) = ψk(x), x ∈ �, (A.2)

u(k)(t, x) = 0, x ∈ ∂�, t > 0. (A.3)

Then, it follows from Theorem 1.1 that for each k ∈ N , the problem (A.1)–(A.3) admits a unique smooth
solution u(k)(t, x) with compact support for each t � 0 satisfying∫

BR∩�

(∣∣u(k)
t (t, x)

∣∣2 + ∣∣∇u(k)(t, x)
∣∣2 + V (x)

∣∣u(k)(t, x)
∣∣2)

dx � CK0,k

t − R
, (t > R), (A.4)

where C > 0 is independent of k, and

K0,k :=
∫

�

φk(x)ψk(x) dx +
∫

�

(
ψk(x)

(
x · ∇φk(x)

))
dx + √

Ek(0)
(‖φk‖ + ∥∥dn(·)ψk

∥∥)
+

∫
�

(
1 + |x|)(∣∣ψk(x)

∣∣2 + ∣∣∇φk(x)
∣∣2 + V (x)

∣∣φk(x)
∣∣2)

dx,

Ek(0) := 1

2

∫
�

(∣∣ψk(x)
∣∣2 + ∣∣∇φk(x)

∣∣2 + V (x)
∣∣φk(x)

∣∣2)
dx.
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Note that K0,k → K0 as k → ∞ (see also Remark 1.6). Furthermore, between the weak solution u(t, x)

and the approximate solution u(k)(t, x), it holds that

sup
t∈[0,∞)

(∥∥u
(k)
t (t, ·) − ut(t, ·)

∥∥ + ∥∥∇u(k)(t, ·) − ∇u(t, ·)∥∥ + ∥∥√
V (·)(u(k)(t, ·) − u(t, ·))∥∥) → 0

(k → ∞),

sup
t∈[0,T ]

∥∥u(k)(t, ·) − u(t, ·)∥∥ → 0 (k → ∞),

for each T > 0. Thus, by letting k → ∞ in (A.4), one obtains the desired estimate of Theorem 1.2.

References

[1] A. Arnold, S. Geevers, I. Perugia and D. Ponomarev, On the exponential time-decay for the one-dimensional wave equa-
tion with variable coefficients, Comm. Pure Appl. Anal. 21(10) (2022), 3389–3405. doi:10.3934/cpaa.2022105.

[2] E. Bisognin, V. Bisognin and R.C. Charão, Uniform stabilization for elastic waves system with highly nonlinear localized
dissipation, Portugaliae Mathematica 60 (2003), 99–124.

[3] N. Burq, Décroissance de l’énergie locale de L’équation des ondes pour le probleme extérieur et absence de résonance au
voisinage du réel, Acta Math. 180 (1998), 1–29. doi:10.1007/BF02392877.

[4] N. Burq, F. Planchon, J.G. Stalker and A.S.T. Zadeh, Strichartz estimates for the wave and Schrödinger equations with
the inverse-square potential, J. Func. Anal. 203 (2003), 519–549. doi:10.1016/S0022-1236(03)00238-6.

[5] A.C. Cavalheiro, Weighted Sobolev spaces and degenerate elliptic equations, Bol. Soc. Paran. Mat. (3s.) 26 (2008),
117–132.

[6] T. Cazenave and A. Haraux, An Introduction to Semilinear Evolution Equations, Oxford Lecture Series in Mathematics
and Its Applications, Vol. 13, The Clarendon Press, Oxford University Press, New York, 1998.

[7] R.C. Charão, On the principle of limiting amplitude for perturbed elastic waves in 3D, Bolletino U.M.I. (7) 10-B (1996),
781–797.

[8] R.C. Charão and R. Ikehata, A note on decay rates of the local energy for wave equations with Lipschitz wavespeeds, J.
Math. Anal. Appl. 483 (2020), 123636. doi:10.1016/j.jmaa.2019.123636.

[9] R.C. Charão and G.P. Menzala, On Huygen’s principle and perturbed elastic waves, Diff. and Integral Eqns. 5 (1992),
631–646.

[10] W. Dan and Y. Shibata, On a local energy decay of solutions of a dissipative wave equation, Funkcialaj Ekvacioj 38
(1995), 545–568.

[11] V. Georgiev and N. Visciglia, L∞-L2 weighted estimate for the wave equation with potential, Atti Accad. Naz. Lincei Cl.
Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 14(2) (2003), 109–135.

[12] M. Ikawa, Hyperbolic Partial Differential Equations and Wave Phenomena, Translations of Mathematical Monographs,
American Mathematical Society, 2000.

[13] R. Ikehata, Local energy decay for linear wave equations with non-compactly supported initial data, Math. Meth. Appl.
Sci. 27 (2004), 1881–1892. doi:10.1002/mma.529.

[14] R. Ikehata, Local energy decay for linear wave equations with variable coefficients, J. Math. Anal. Appl. 306 (2005),
330–348. doi:10.1016/j.jmaa.2004.12.056.

[15] R. Ikehata and T. Matsuyama, L2-Behaviour of solutions to the linear heat and wave equations in exterior domains, Sci.
Math. Japonicae 55 (2022), 33–42.

[16] R. Ikehata and K. Nishihara, Local energy decay for wave equations with initial data decaying slowly near infinity, Gakuto
International Series – Mathematical Sciences and Applications, The 5th East Asia PDE Conference 22 (2005), 265–275.

[17] T. Kilpeläinen, Weighted Sobolev spaces and capacity, Ann. Acad. Sci. Fenn. Series A. I. Math. 19 (1994), 95–113.
[18] P.D. Lax and R.S. Phillips, Scattering Theory, Revised edn, Academic Press, New York, 1989.
[19] C.S. Morawetz, The decay of solutions of the exterior initial-boundary value problem for the wave equation, Comm. Pure

Appl. Math. 14 (1961), 561–568. doi:10.1002/cpa.3160140327.
[20] C.S. Morawetz, J.V. Ralston and W.A. Strauss, Decay of solutions of the wave equation outside nontrapping obstacles,

Comm. Pure Appl. Math. 30 (1977), 447–508. doi:10.1002/cpa.3160300405.
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