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Abstract. We address the existence of solutions for the free-surface Euler equation with surface tension in a bounded domain.
Considering the problem in Lagrangian variables we provide a priori estimates leading to existence of local solutions with the
initial velocity in H3- for which the trace on the free boundary belongs to H3-.
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1. Introduction

In this paper, we address the local existence of solutions to the 3D free-surface incompressible Euler
equations

qu+u-Vu+Vp=0 1in Q(1) (1.1)
V.u=0 inQ@) (1.2)

where the free boundary 9€2(¢) evolves according to the fluid velocity field u(x, ¢), and the pressure
obeys

p(x,t) =cH ondQ(t). (1.3)

Here o > 0 is the surface tension, while H represents twice the mean curvature of the boundary 92 (¢).

Problems related to local or global existence of solutions of free surface evolution under the Euler
flow, with or without surface tension, have attracted considerable attention in the last decades. For both
cases different approaches have been developed; however, the search is still in progress for the lowest
regularity spaces where the existence or uniqueness of solutions hold. For the history of both problems,
cf. [2,17,32] and references therein.

While in the zero surface tension case the problem is known to be unstable, and thus the Rayleigh-
Taylor stability condition has to be imposed, this is not necessary when the surface tension is nonzero
since the surface tension provides a stabilizing effect close to the boundary.
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We may divide the existing results of the rotational case, i.e., when the vorticity is nontrivial, into the
Eulerian approach and the Lagrangian one. In the Eulerian approach, Schweitzer has obtained in [42] a
local existence result with the initial velocity in H*> and with a smallness assumption on the height of
the interface. The primary tools in [42] are tangential and time differentiation, up to order three. In [17],
Coutand and Shkoller used the Lagrangian formulation to obtain the local existence with initial data in
H*3. The method used by Coutand and Shkoller is, as in [42], differentiation in space and time up to
three times; however, the Lagrangian approach allowed to bypass the smallness assumption on the initial
surface. We would like to stress that simple integrations by parts are not by themselves sufficient to close
the estimates; additional care, including a careful treatment of the vorticity and the pressure equations,
is necessary to close the estimates. In addition, in [42], a harmonic change of variables was used to
overcome a lack of 1/2 derivative in the estimates resulting from tangential and time differentiation.

In [43] the authors employ ideas inspired by the geometrical description of Euler flows as geodesics
on the infinite dimensional group of volume preserving diffeomorphisms to obtain conditional a priori
energy estimates for the solutions when the initial velocity belongs to H?. They also provide estimates
which are uniform in surface tension, if additionally a Raleigh-Taylor condition is satisfied. Recently,
in [20,21], using a different method, the authors established the local existence when the initial velocity
belongs to H>>*¢ for every € > 0.

Our goal is to revisit the Lagrangian approach to the free-surface rotational Euler equations and pro-
vide a priori estimates leading to local existence for the velocity in H* such that the trace on the free
boundary belongs to H3.5, lowering the regularity requirements from [17] and [42]. While the basic
framework still involves time and tangential differentiation used in [17,42], we introduce two improve-
ments which allow us to lower the required regularity. The first improvement is the use of Cauchy
invariance [11,14,15,23,35,44] recently used in the zero surface tension case in [32,33]. The second
improvement is a simple and direct treatment of the pressure, employing the Laplace problem with
Neumann boundary conditions.

Before discussing the organization of the paper, we briefly recall the history of free surface Euler
equation problems. Early works on the free surface Euler equations involve results on small analytic
data [19,38,51]. The important work [7] considered the viscous case, employing a Lagrangian set-up,
subsequently used in many works on the inviscid problem. In [47,48] Wu obtained existence of solutions
of the free surface Euler equations in 2D and 3D cases respectively, both addressing irrotational, no
surface-tension cases. Positive surface tension was considered by Ambrose and Masmoudi in [4,5], who
also studied the zero surface tension limit. The works [17,42,43] then constructed local solutions for the
nonzero-surface tension Euler equations; cf. also works [29,40,41,46,50] for the positive surface-tension
Navier-Stokes system. For other works on the zero-surface tension case, see [2,3,8-10,13,18,22,27,30,
31,34,36-38,45,52,53], for other works on non-zero surface tension, cf. [1,39] while for global existence
of solutions, see [24-26,28,49].

The paper is organized as follows. In Section 2, we introduce the Lagrangian setting of the problem
and state the main result, Theorem 2.1. Section 3 contains a preliminary lemma containing a priori
estimates on the Lagrangian map n and the cofactor matrix a. Section 4 contains the proof of the main
statement. It is subdivided into four subsections containing the v, vy, v, estimates, and the div-curl
estimate. In the final section, we collect all the available inequalities and apply the Gronwall lemma.
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2. The main result

We consider the 3D Euler equation in the Lagrangian framework over a fixed domain Q. Let
n(-,1): Q — Q(t) be the flow map under which the initial domain configuration 2 evolves with time,
such that Q(¢) = n(€2, t). For simplicity, we assume that the initial domain 2 is flat, i.e.,

Qz{xz(xl,xg,X3):(xl,xz)eR2,0<X3< 1} 2.1

with periodic boundary conditions with period 1 in the lateral directions. We denote the top of €2 (corre-
sponding to the free-surface) by

I =T>x{x;=1} (2.2)
and the stationary bottom by

o =T? x {x3 = 0}. (2.3)
Then the incompressible Euler equation has the form

vl + d(afg) =0 inQx(0,7),i=123 (2.4)
afdyv' =0 inQ x(0,T), (2.5)

where v(x, t) = n:(x,t) = u(n(x,t),t) and g(x,t) = p(n(x,t), t) denote the Lagrangian velocity and
the pressure of the fluid over the initial domain 2. The dynamics of the Lagrangian matrix a(x, ) =
[Vn(x, )]~ and the flow map n(x, t) are described by the ODEs

a=—a:Vv:a inQx(0,T) (2.6)
n=v inQx(0,T) 2.7

where the symbol : denotes the matrix multiplication, with the initial conditions

a(x,0)=1 (2.8)

n(x,0) =x (2.9)
in Q. The condition (2.6) can be written in coordinates as

dal = —akov'al, i k=1,2,3. (2.10)
We assume v- N =0on Iy x (0, T) and

afqNy = —Ap' onTy x (0, 7T) (2.11)
fori =1, 2, 3, where N = (N, N, N3) is the unit outward normal with respect to €2 and A, = 812 + 822.

Note that we have set the surface tension to be 1, for simplicity.
We now state the main result of this paper.
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Theorem 2.1. Assume that v(-,t) = vy € H*3(Q) is divergence-free and is such that volr, € H3(T)).
Then there exists a local-in-time solution (v, q, a, n) to (2.4)—(2.11) which satisfies

ve L([0, T1; H(Q))

v, € L([0, T1; H*(Q))

v € L®([0, TT; H'2(Q))

v € L®([0, TT; L*())

with g € L®([0, T1; H>*(Q)), g, € L®([0, Tl; H*(R2)), gu € L=((0, T]; H' (), a € L¥([0, T;
H?>3(Q)), and n € C([0, T1; H>3()).

3. Preliminary results

In this section, we give formal a priori estimates on time derivatives of the unknown functions needed
in the proof of Theorem 2.1. We begin with an auxiliary result providing bounds on the flow map n and
the matrix a.

Lemma 3.1. Assume that v o7 .m35y < M. Let p € [l,00] and i,j = 1,2,3. With T €
[0, 1/C M], where C is a sufficiently large constant, the following statements hold:
@ lnllgss < C fort €[0,T];
(i) |lallgzs < Cfort € [0, T];
(i) lla;llr < CIVVllLr fort €10, T1];
1v) ||0iarllLr < ClIVllzell0iallLr: + CIIVOv|r for i = 1,2,3 and t € [0, T] where 1 <
P, P1, p2 < ooare suchthat 1/p =1/py + 1/pa;
W) Nlallgr < |\ Vollgr, forr € [0,2.5] and t € [0, T];
V) llaullae < ClIVVllae VUl + ClIVullgo for o € [0,1.5]1 and t € [0, T and |laull g1 <
ClIVll3s + ClIVU g1,
viD) Nlawllr < CIVUlLr [VVlZe + CIIVU Lo VUl o + CI Vsl for t € [0, T
(viii) for every e € (0,1/2] and all t < T* = min{e/CM?, T}, we have

|86 — alaf|}os <€, jk=1,2,3 @3.1)
and
1656 —af s <& ik=1,2,3. (3.2)

In particular, the form alj alk’g‘ /’S,i satisfies the ellipticity estimate

. .. 1
afaf&js] > ZIEP. & eR" (3.3)

forallt € [0, T*] and x € Q, provided € < 1/C with C sufficiently large.
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Above and in the sequel, if the domain of the norm is not specified, it is understood to be €2.

Proof of Lemma 3.1. The assertion (i) follows immediately from (2.7), while for (ii), we have by (2.6)

t
@l < €+ [ o |90 s ds (3.4)
and (ii) is obtained by using the Gronwall lemma, provided 7 < 1/C M. Next, (2.6) implies

lallr < CllallzelVollzrllalize < ClIVullLe (3.5

using (i) in the last inequality. The inequality (v) is proved analogously, using the Sobolev multiplicative
inequality instead of (3.5). The estimates (iv) and (vi) are proven similarly. For (viii), we write

Sjk — al]alk = —/ 8,(aljalk) ds (3.6)
0

where j, k € {1, 2, 3}. Therefore,

o = atall s < [ Noulofaf) s s
t . t
<C / la || o5 | af | ;o5 ds < € f lall g2s ds < CMt. (3.7)
0 0

The estimate (3.1) then follows if CM?T? < €. The other assertions in (viii) are obtained analogously.
O

In order to estimate the second derivative of the pressure, we need the following regularity lemma for
an elliptic equation with Neumann boundary condition in a smooth (bounded) domain 2. Assume that
b;; satisfies ||b||~ < M and that b;;(x)&&; > M~'§|* forallx € Q and § € R”, where n € {2,3,...}.
Lemma 3.2 ([16]). Let g be an H' solution of the

0i(bijojq) =divmr inQ (3.8)
budrgN™ =g on 0L2 (3.9

where 7, divr € L*(Q) and g € H™'>(dQ2) with the compatibility condition
/ (r-N—-—g)=0. (3.10)
IQ

If

16— TllL> < €0 (3.11)
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where €y > 0 is a sufficiently small constant depending on M, then we have

lg = qllm < Clizllz + Clig =7 - Nllg-1200) (3.12)
where § = (1/|€2]) [ q dx.

The existence of solutions of this problem under the given conditions has been established in [6].
However, we believe that the inequality (3.12), which does not contain the L2-norm of div 7, is new.

Proof of Lemma 3.2. First, using (3.8)—(3.9), we have

/bmkakqam¢= —/ ¢>divn+/ gd, ¢ H(Q) (3.13)
Q Q 02
and thus
/bmkakqamqs _ / 7 Vot [ g-m-Nb beH Q. (3.14)
Q Q 0Q

Using the Cauchy—Schwarz inequality, we obtain

/ bmkakqamfb‘ < C(Imllz + g =7 - Nllg-1rpe) ol ¢ € H (). (3.15)
Q

Since also [, [¢1lg] < [19ll.21lq . for all ¢ € L*(<2), we get

Iglar < C(Imliz +llg — 7 - Nlg-1200) + lql2)- (3.16)

Next, we aim to improve this inequality by estimating the L?-norm of ¢. For this purpose, for every
f € L*() such that [, f =0, solve

Apr=f inQ

%:0 on 02

/@:0. (3.17)
Q

Note that, by the energy inequality,
f|w3f|2<cnf||iz. (3.18)
Q

Since d¢;/dN = 0 on 32, we have [, gAd; + [, Vg - V¢, = 0 and thus

/qf‘ = ‘/ Vg - W?f‘- (3.19)
Q Q
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In order to estimate fQ Vg -V , We write

/ Biqiids = / Do by + / i — b0 qOmbs - (3.20)
Q Q Q
Using (3.15) on the first term, we get
/ qf‘ < C(lImlz + llg = 7 - Nllg-1200)IVOsll2 + CeollVall 211Vl 2 (3.21)
Q
whence
/ Qf‘ <C(Imllz + g — 7 - Nllu-1209) + €l Vall2) Il £ 2. (3.22)
Q

Since this inequality holds for all f € L?(2) such that fQ f =0, we obtain

lg = qlle < C(Iwle + g =7 - Nllg-120) + €l Vall2). (3.23)
On the other hand, by (3.16), we also have

[Va =@, <Cimllze + g =7 - Nllu-1260) + g = qll2 + 114112)- (3.24)
Combining (3.23) and (3.24) and then choosing ¢, sufficiently small then leads to (3.12). O

Now, let 2 be as in (2.1), and let g be as in Lemma 3.2. In order to bound |g|, let H be a solution of
the Dirichlet/Neumann problem

AH=1 inQ (3.25)
H=0 onl}y (3.26)
OH _ 0 r (3.27)
aN = on 1. .
Using
oH
/qAH +/ Vg -VH = —q (3.28)
Q Q aq ON
we obtain

o
Q

which combined with (3.12) leads to

< C||Vg—D|,>+ Clglzr, (3.29)

gl < Climli2 +Cllg =7 - Nllu-120p0) + Cllgll2ay) (3.30)

for solutions of the problem (3.8)—(3.9) under given boundedness and ellipticity conditions.
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The bounds on the pressure and its derivatives are obtained by solving a linear elliptic equation with
Neumann boundary conditions.

Lemma 3.3. Assume that (v, q, a, n) solves the system (2.4)—(2.11) for a given coefficient matrix a €
H?3(Q) satisfying (i)—(viii) from Lemma 3.1, with a sufficiently small constant ¢ = 1/C. Then the
estimate

gl p3s < ClIVUllgesliviigzs + Clivll g2y + € (3.3D

holds for all t € (0, T')). Moreover, the time derivatives q, and q,,; satisfy

Ig:ll 25 < CUV Ol gsse (Igll2s + lvellgs)
+ C(IVollgrsliVollize + IVl s ) [0l s
+ Cllvil ey + Cllvliges + Cllvl g2 (3.32)

and

gl < C(I0lgrs IVl 4 Tollgrs) (g2 + lvdig)
+ CIIVollze (Igell g + llviellz2)
+ C(IvllzsIVoll e + ol s IVl + i llgs) vl + Cllv 2
+ Cllwllyz Il + ClIVullelivllzes + Clvdlges (3.33)
forallt € (0,T), where T < 1/CM for a sufficiently large constant C.
Proof. Applying the Lagrangian divergence to the evolution equation (2.4) leads to

Ag = 0 ((8em — a"af)dq) + dia]" 0" (3.34)

In order to obtain the boundary condition for ¢, we multiply the equation (2.4) with a" N,, and sum. We
get

dq

N = (8km — a"al)Okg Ny — a" 3,v' N,y (3.35)

which holds on 'y U T'j. Asin [17, Lemma 12.1, p. 866], we have a regularity estimate for

Aq = f in
Vg-N =g onaQ (3.36)

which reads

gl < Clf s 4 Cliglus—1500) + Cllgll22 (3.37)
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and is valid for s > 2, with the constant C depending on s. Using (3.29), we then get

lgllas < Cllfllgs—2 + Cllgllas-1500) + Cllgl2m,) (3.38)
for any s > 2. We use this estimate with

f = 0 ((8em — a"al)dkq) + 3, (3,a"v") (3.39)
and

g = (8w — a"al)gNy — a"dv'N,, onToUTY. (3.40)
In order to obtain (3.31), we apply the estimate (3.38) with s = 3.5. We thus have

1 f s < [[(1 = a"a)Va] s + lagvll s

T
< |1 —=a"a slgllass + Nl geslvll s
<

€llglizss + ClIVollgas vl g2s (3.41)

and, similarly,

T
lglm2w,y < |1 —a llHHz_s||Q||H3~5 + llavill g2(r)y

< €llgllass + Cllvell g2y (3.42)
by using (3.1), (3.2) and part (v) from Lemma 3.1. Also,
lgllz2eryy < Clinllgzeryy < Clinllges < C. (3.43)
Next, for g, we apply (3.38) for the time differentiated problem (3.36) with s = 2.5. We get
1 fillmos < (I —a"a), V| s + (I —a"a)Vai|| s + lawvll s + larvel s
< Clladmsseliglues + |1 —a"al gisilgilmes + lal gis ol s
+ llacll grseelvell s

< ClIVollgiseeligllpzs + €llgill m2s
+ C(IVUllas IVl + 1Vl gis) vl grsee + V0l grsee ol s (3.44)

where we utilized the multiplicative Sobolev inequality and the parts (ii), (vi), and (viii) from Lemma 3.1.
As in (3.43), we have

lg:ll2ry < Clladipsoo)Inlla2soe) + Cllalleendlg2oe) < Cllvllgs. (3.45)
Lastly, we consider the twice differentiated in time system (3.34). First, we rewrite it as

on ((af"a;)dkq) = diaf" 9" (3.46)
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while the boundary condition (3.35) is

a"aldgN, = —a"dv'N,,. (3.47)
The twice differentiated system then reads

O ((@al)egse) = =0 3y (a"al)Bkq) — 20, (3, (a"af)Bqr) + B (3 (3,0 v")) (3.48)
with the boundary condition

alaf g N = — 3 (al"al)oxg Ny — 20, (a"a} ) 9 q: Ny — 3 (a]" 00" N,y ). (3.49)
Applying the inequality (3.30), we obtain

gl < € Zl\an a'a;)ohg| . +C ZHaz rai) o .+ C ZHaﬁ da )| -

+ C |9 (@) 3,v' Ny + 00" v' Npy) | - 2pe T Clanlzr,)
=L+ L+ 5L+ 1+ 1. (3.50)

In order to estimate the last term /5 in (3.50), we use (2.11), which, when rewritten as

Nig = (8F — af)qNi — Ao’ (3.51)

on I';, leads to

qg=(1—aj)g— Ay’ onT}. (3.52)
Therefore,
lgllLar,y < Clinllps < (3.53)

by Lemma 3.1. Using (3.45) and (3.52)

Gl z2ry) < C” 3n6134HL2<r1> + CHalagaf‘]”Ll(rl) + Cllvell g2y
< Cllaullsapllgllesay + C8:a38q | o,y + Cllvillizr- (3.54)
In order to estimate the first term on the far right side, we use
Ny < Cllaullig < CIVOIEss + ClIVU a1 (3.55)
Replacing this inequality in (3.54), we get

Igecll2myy < IV s + CIVU g + Cllaclls vl g2s + Cllvll s
< CIVvlgss + ClIVullg + Cllaglillvllg2s + Cllog 2

3/2 1/2
vl

< Clll + ClIVuillgr + Clladi= vl g2s 4+ Clivell 2. (3.56)
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In order to bound I, we write

Iy = CH it (aimvi)Nm ”H—1/2(asz) <C ZHBW (al’."v")” L2(Q) (3.57)
m

the last inequality following from 9,,(av') = 0. Therefore,

L+DL+5L+1
<C|(a'a),Va| .+ Cl(a"a), Va2 + Cllanvll.:
+ Cllayvilz2 + Cllavyll 2 + Cllaviy 2
< C(IVvllgoslIVolle + VUl gos) VGl gt + ClIVlle IVl 2

+ a3 llvlizs + C(IVllgoslI Vol + 1Vl gos) vl
+ ClIVvlizellvelizz + Cllvill 2. (3.58)

The third term on the far right side is then estimated as
lagellsllvlize < CUIVUIIVUIZe + IVl IVl + [Vl s) (0] (3.59)

and (3.33) follows. [

4. Local in time solutions
4.1. L? estimate on vy,

Applying 97 to (2.4), multiplying the resulting equation by v,,,, and integrating in space and time gives

1 1 ! 1 ! 4
1Ol = 51O = [ [ @oa), it = 51wl [ [alata)oh @0
0 0
where we utilized the Piola identity
hat =0, i=1,2,3. (4.2)

In order to bound the integral on the right side, we integrate by parts,

t t t
_/0 /8k(a,kQ)mU;[, - _/O /i;g(a’kq)tnv;”Nk +f() /(afq)tttakv;tt =L+ L. (4'3)

Since v = 0 on Iy, we have 9v> = 0, where

3 = (3, 8) (4.4)
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and v}, =

t t
/ / (al{(q)mv:thk = / / (a?q)mv;ft =0.
0 JIy 0 JI

Thus, for the boundary term in (4.3), we obtain

t i t i L= 2 1,- 5
- _/(; /1:1 (alquk)mvttt = /0 /1:1 Aoty Vyyy = _EHavtt(f)” eyt EHBU;:(O) HLz(rl)

by using (2.7), (2.11), and integrating by parts in the tangential direction.
Now, we bound the second integral

= 0 on Iy. Also, 3n° = 0 on Ty, which implies that a? = a3 = 0 on T'y. As a consequence,

4.5)

(4.6)

t ; ; .
I :/ /aféhnakv;n +3/ /(af)ﬂnakv;n +3/ /(af)ttq,akv;n +/ /(af)mqa,{v;n
0 0 0 0

= Dy + In + I+ 1.

Using the incompressibility condition to write

af vy, = (afdv'),, —3(af),0cv;, — 3(af), 0cv; — (af),,, 0’
= =3(a5) 30}, = 3(a), vy — (), B

we get

' t
Ly = / / ,,8kvt%tz _/ /3(af),8kv;;%tt _/ /(alk),ttakvl%n
0 0

= by + L+ Dys.

For I5;; we integrate by parts in time:
Ly = —3/( ),takvt%t|o+3/ /az ,takv qit
< Cllan O] 2| Vo O] 12 ]|g O 6 + Cllau @ | 2| Vi@ | 15| g @ s
t t
+ C/ a3 IVuell ol geell 2 + C/ lawll Lo IV ol 3 1 gee ll 2
0 0
P (llvoll s, llvollsiry) + Cllan @] 2 Vo) | 3] g0 0] 16

t
+/ P(gull 25 Nvell s, vl gz, vl o)
0

Integrating by parts Ir;p = —3 f(af),akvf,q,t, in space, we have

t t
by = _3/ f (af)tv;tquk + 3/ f(af)tvﬁtaszzt = hio1 + bhin
0 Jag 0

“4.7)

4.8)

4.9)

(4.10)

4.11)
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where we used (4.2). Observe that

t
J 1 ki
12121 = 3/ / ai 3]'11 a vttquk
0 I

t

_ Ja .l [

- _3/ / a; ajv A277mvtt
0 I

' ; .
[ Glat) e+ 3 0+ (o), a e,
1

75

(4.12)

by using (2.6) in the first and (2.11) in the second equality; also note that the integral over I'y vanishes.

Integrating by parts in the tangential directions, we obtain

t ) . 2 t ) .
_3/ / ai] ajleznittv;t =3 Z/ / 8/(775”31{(611-]3]-1)11);[)
0 I k=1 0

t
< Cf P(llvill s, Iolls),
0

while the lower order terms are bounded as
t . .
[ [ Glat) i+ 3(at) i+ (o) a8e)al 0501,
o Jr

t
< / P(llgscll s Wil g, ol ss, Igellms, v, g1 m2s)-
0
Next, integrating by parts in time gives
t t
Ly = 3/(af)lvftakq,,|lo — 3/ /(af)nvftakqn — 3/ /(af)[vinakqn
0 0
< P(llvoll g3s) + Clgu® || 1 v O] 5[ Vo @ | Lo

t
+f Pgecll gt Nveeell 2 el g Toll s, 1ol gs).-
0

By (2.6) and integrating by parts in time we have

t ) ‘
I3 = f faf ajvf,a,kakvlqm + R.
0

(4.13)

(4.14)

(4.15)

(4.16)

Until the end of this paper, we denote by R the remainder terms. In (4.16), the lower order terms are of

the form

t
f /(a,,Vva + a;Vva; + a;Vv:a)Vvgy,,
0

4.17)
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(written in a symbolic way, omitting all the indices) which can be bounded by

R < P(llvollgas) + P([v@®) | ens. v ®|| s

t
+/ Pllgecllans 10l g vl s, Nvellgns) de (4.18)
0

after integrating by parts in time. Integrating by parts in space, the leading term of (4.16) becomes

t . )
/ fai’ijﬁta,k&kv’qm
/ /a vnal djxv' qm / /a v,,q 8kv 0iq
—/ /a 0;a, Bkv Gt + / / a v,ta, Bkv qu
0 I

= D31 + Dz + Lisz + Diza, (4.19)

where we have omitted the term when the j-th derivatives fall on aij

First, observe that the boundary term /134 can be treated exactly as 1,11 above. Now, using aij 0jk vl =
—0ka 9,0 fork = 1,2, 3, we write

t
Jj.l k i
b3 = —/ /8kai V,,a; 0,0 Gy
0
. t [ i
_ Il ke i Jol ke i
B _/ da; vy, a; 0;v q”‘0+/(; /(akai Vi) 0,V )Iq”

< P(llvoll g3s. lvoll wssary) + C g @ | o | vie @) | | VY@ | 5

which equals to zero by (4.2).

t
+/ Pgecllars Nveeell 2 el s Todll s, Tollgs), (4.20)
0

while

L3 / akv 8]%1‘0 // al 8kv 8tht

P(llvoll 33, llvoll masey) + C g @] 1 v ]| 5[ Vo @) | Lo

t
+/ Pgecllars Nveeell 2 el s Todll s, 1ol gs).- (4.21)
0

Note that the lower order term /533 is also bounded by the right side of (4.21). For I,, we integrate by
parts in space
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I = 3/ [ ata C]ttUme / / ak%tvm
Iy
= —3/ / ( ja v al )q”vak / / 8kqnvttt
0 I

= 3/ f al9;v' Ao vl +al v "((ar),,q +2(af),q:) Nevy,,) — / / ), %4 vy,

= I + . (4.22)

We denote the first boundary term in I by Ip;;. The other two terms in Iy, are easy to bound.
Integrating by parts in the tangential directions, we get

t S te o
Lo = —3/ / ald;v'9vl v, — 3/ / d(aj 9;v") vy}, (4.23)
oJri o Jry ‘

which after an additional integration by parts in time leads to
Ini = _3/1“ (aijaivlf_)viévft + 5(a;"8jvl)5v£vft)‘;
i
+3 /0 t /F (a?9,0'501), 30}, + (B(al0,0)30]) vl (4.24)
|
Thus,

Lo < P(Iollss, vollassary) + € [oa @ s [oe O] o [0 0] 124

t
+f P(llvecll s, lvell s, Nvll ). (4.25)
0

Next, for I3 we proceed as in I, by first integrating by parts in space

t . . t .
Iy = —3/ / (a] 9;v'ay), v}y, Nic — 3/ /(af)nakq,v;n
0 JI'y 0
4 . . 4 .
- 3/ / aldjvi Al 4+ R — 3/ /(af)”akqtv;”, (4.26)
0 I 0

where the remainder term

t . ) ! . .
R = —3/ / (aij)tajvlalkq,v;”Nk — 3/ / aijajvl(alk)tq,v;”Nk
0 I 0 I

t ) )
+3 / / al0;v!(a)),qvi, Nk (4.27)
I
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is bounded by

R < P(””O“H”v “U0”H3~5(F1)) + C”Qt(t)n 25 ” Uy (£) ||H1‘5 ||U(t)||§.125

+ Cla® | s v | s o] s v®] o5

t
+/ P(llgecll v, Ngell s, Iglazs, Tvell s, ol ges, 1ol gs).-
0

(4.28)

The first boundary term on the far right sides in (4.26) can be bounded similarly as I,,1; above, by

integrating by parts in time. We omit further details.

Lastly, we consider I,4. We use that (a¥),;, = (a/8;v'af),, = a9;v],af 4+1.0.t., where the lower order
terms are of the form a,,Vva, a,Vv,a, a,Vva, (and the resulting integrals are clearly easy to bound).

Thus, we estimate only the leading term in /4. We have

t
Iy = / /aijajvgtalkakv;ttq +R
0

and observe that

ool ko i\ _ g ol _ka i Jaol ko i
0 (ai aj Uy akvtt) =aq; 8/ Vi dy akvm +a; 8,/ Vi akvn
J Ik i J 1 ( Kk i
+ (ai )zajvttal akvtt + a; 8jvn (al )takv”

o da ol ko i I\ q..0 ko i
- 2ai a./ V4 akvm + 2(“:’ ),3/ V4 akvzz'

Hence,

1 ; . 1 /! ; . ! ; .
Ly = E/aijajvita,kfikv;tqn - 5/ /ailajvﬁlalkakv;tq, —/ /(a{)tajvﬁla,kfikv;tq +lo.t.
0 0

< P(lIvoll s, lvollgssiry) + C v @] s [ve @ | 1 [l 2@ | o

t
+/ P(llveell s vl gz, Iollgs, gl gz, llgllgz2).
0
Therefore, we conclude

H Uy (1) ”iz + H 5Utt () ”22(1"1)

< P(”UOHH“’ ||U0||H3-5(1"1)) + E(H Utt(t)”ip.s + ||qtt(t)||i11)

t
+/ P(lvsell 22, el s 1ol s, 0l 1gell s Igell gz gl g2)-
0

(4.29)

(4.30)

(4.31)

(4.32)



M. Ignatova and 1. Kukavica / On the local existence of the free-surface Euler equation with surface tension 79

4.2. Tangential H U estimate on vy,

Applying 9,,3? to the equation (2.4), multiplying by 8,,v,;, summing for m = 1, 2, and integrating in
space and time, we get

1= 1, - ! .
300l = 31wl = [ [ on(atug) o

Lz 2 ' k i
= E||au,,(o) I — /0 / at mqsi Omvy, + R. (4.33)

Here and in the next section, for simplicity of notation, we modify the summation convention for re-
peated indices in m with m = 1,2 (while other indices are still summed for 1, 2, 3). Note that the
remainder term R on the right of (4.33) is bounded by

f / 5),,06q + (af), 0imq + 20u(af), %q: + 2(af), 0mqs + Oma 0cqur) O,

< / P(llvallars Mol s, ol Igeellans gl a2, gl ezs).- (4.34)
0

Now, we integrate by parts in the higher order term

! ! t
_/ /‘a,{(akmqttamvit = _f f al{{amqttamv;[Nk +/ fafamQttakmU;; =I5+ 5. (4.35)
0 0 Q2 0

For Iy, the integral over I'y vanishes, while on I'; we use

af Om@u N = 0y (af g Nie) — 9u((a),,qNi) — 20u((a),q: Ni) — 0ma) N (4.36)
(to check this, write 9,, (af‘quk) = af Omqr N + Bmaf‘q,tNk and rewrite the second term) and get

I = / /F Ay Omv!, + / /F ) + 20 ((af),q:) + Omal i) dmvl, Ni

I I
= 2P0 gy + 51O g,
+ /0 t /F (9 ((af),,q) + 20m((af),q:) + Omal qu) dmv;, N, (4.37)
I

and the last term on the right side can be bounded by

t
/ P(llvcll s, gu s Ugell s, Tl g2s, gl g, 1ol gss)- (4.38)
0

For I,, we use the divergence free condition to write

af mvy, = —0mal vy, — 9 (2(af), 0cv) + (af), 90'). (4.39)
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Thus, we obtain
t
12 = —/ /(8mafakvlft + am (Z(af)takvf + (Cllk)ttakvi))am%t
0
t

< /0 P(llgllzs viellzs, vill e, ol gs)- e
We conclude
Hévtt(t)”iz + Hézvt(t) ”i%ﬂ)

t
= 2
< 8200 |, +/ P(Ilvecll 5o 1gec gt s Ugell gz loell s, g s, vl gss).- (4.41)
0

4.3. Tangential H? estimate on v,

Applying 9;,,9; to (2.4), multiplying by 9, v;, summing for /, m = 1, 2, and integrating in space and
time, we get

L= - ! .
31700 = 317w = [ f (et ona) e
0

1

t
= 5Hz‘;zv,(O) \|iz — / f al dumqi dmv. — loot., (4.42)
0

where the lower order terms on the right are bounded by fot P(lvell g2, 1g g3, IVl g3s, 1g: Nl g2s). Next,
integrating by parts, we get similarly as in the previous section

t t t
_/ /\al{(aklmqtalmvi = _/ / afalmQtalmU;'Nk +/ /afaln1QIaklmU; =1+ D, (443)
0 0 Q2 0

where

t
I = / / A1 I vl — Loout.
0 Q2

- _% 18°0@) |}, + %||E_)3v(0) 32, — Lod. (4.44)
and, by using the divergence free condition,
S /O[ P(llgell s vl g vl g3)- (4.45)
Therefore, we conclude
|80 [ + [F 0@,

t
< (820 )72 + |80 |2, + /O P(llvell g2 gl gz 10l s el g2s).- (4.46)
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4.4. Div-curl estimates

We use the elliptic estimate (cf. [12,17])

I flles < Cllfllz2 + Cllcurl fl et + Clldiv fll gs-1 + CILf - Nl gs-050) (4.47)

fors > 1.
We recall that dv,, € L>(T'y), so in particular v}, € H'(T';). By (4.47) with s = 1.5, we have

il s < Cllvill2 + Cll curl vy || gos + Cll div vyl gos + Clloj Ly (4.48)

where we also used v} = 0 on Iy. Similarly, applying (4.47) with s = 2.5 and s = 3.5 respectively, we
have

vl 25 < Cllvgllz2 + Cll curl v [l gis + Cll div v [l gis + C||v7| 5 (4.49)

T

and

vl gas < Cllvllz2 + Cllcurl vl g2s + Cll divvllg2s + C[v° | 5 (4.50)

Tr”

The first term on the right side of (4.48) (same for (4.49) and (4.50)) is of lower order and can be written
as

t
[ @] > = [on @] 2 + 17 fo w2 (4.51)

By the multiplicative Sobolev inequality, for div v we have

Hdivvll s = [ (8i — a )8V | s < €llvllss, (4.52)
as well as
Hdiv vl s = || (8ix — a7 ) v — (af), 860" | yos < €llvgllies + Cllayll gsss [vll s (4.53)
and
I div vyell gos = || (8ik — af)devy, — 2(af), dev; — (af),, 00" | 0
S €llvallas + Clladigrsss villgrs 4 Cllas L gosllvll g2s+. (4.54)

Recall the Cauchy invariance (cf. [32] for instance)
€indv' oy =curlv), i=1,2,3, (4.55)

for t > 0, where ¢;j; is the antisymmetric tensor defined by €13 = 1 with €;j3 = —¢€;ix and €;j; = € ;.
Thus, we have

(curl v) = €49;v" = €400 (81 — Bknl + curl v}, (4.56)
JjkOj jkOj 0
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where
t t
S — e = —f ol = —/ al, k=123, (4.57)
0 0
which implies
t
| curl vl y2s < C||v||H3.s/ V]l g3s + || curl vg || 2. (4.58)
0

Differentiating (4.55) in time, we have

0 = (eijud;v'0n'), = €jx0;vi0kn' + €190 m}, (4.59)
where the second term on the right vanishes because it is equal to € a,'v’ak vl and ¢ ik = —€igj. Thus,
we also get

€iixdvien’ =0 (4.60)
from where

(curl v,)' = €;xd;vf = €53, (8 — dn'). (4.61)
Therefore,

t
[ curlv; || g1s < ClIVull gislid — Vnllgises < C||Ut||H2-5/ lvll g2s+s. (4.62)
0

Differentiating (4.60), using (2.7), and rearranging the terms in the equality, we obtain
€indv, n' = —e;xd;vld0’. (4.63)

Then, we may write

(Clll‘l v,t)i = e,-jkajvfl = e,-,kajvﬁt (Slk — aknl) — Eijkaj vfakvl, (4.64)
from where
t
|| curl Uyt ||Ho.5 < C||U,t ||H1.5 f ”U”H““ + C||Ut ||H1.5 ||U||H2.5+5. (4.65)
0

Now, we gather the div-curl inequalities to obtain Sobolev estimates on v, v;, and v;;. Namely, we have
t
1/2
vl gas < C([vO) > + Il curl voll g2s) + 1"/ f llvell 22
0

t
+ Cllv]l g3s /O [vll 35 + C [[v*]| ey (4.66)
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and

t
el g2s < Cllu (O] . + Ct'? f il 2
0

(4.67)

t
3
+ Cllve |l s / lll g2 + Clladll grsss [l gzs + C 07 | o, -
0

Finally,

t
1/2
il s < Clloa )| 2 + €72 [ vz + Cllvallgs | vl gesss + Cllvdll s vl s
L 0

+ Cllag |l grsssllvell gis + Cllag || gosllvll g2s+s + Cllv;, Hmm)- (4.68)

5. Closing the estimates

Squaring the estimate (4.66) and using (4.46) for the bound of ||v?| H3r,)> We have

t
2 2 2
Ivllzss < P(llvoll s, lvoll ssaryy) + Clivllgas [ vllss

" 0

t
+/ P(llvcll g2, lg g 10l 35, 11l g2s).- (5.1
0

By the pressure estimate (3.31),
13
gl s < C(llvllgss + 1)(””0“H2»5 + C/ ”vt“H”) + Cllvll g2y (5.2)
0
This, combined with (4.41) for the bound of [|v; y2(r), gives
t
g 11755 < P(llvoll s, llvoll gsseryy) + Cllvlli,ls(llvolli,z‘s + Cf ||vtlli,z5>
0

t
+/ P(llvill s, Ngeell s gell g2 Nvell s, Igllgzs, vl gas)- (5.3)
0
Similarly, squaring (4.67) and using (4.41),
I35 < P(llvoll s, lvollassery))

t t
2 2 2 2 2
+ CluilPes / ||v||H2A5+a+C||v||,,2‘5+5<||vo||,,z.5+ / ||vt||H2.5)
0 0

t
+/ P (1ol s, 1gu s Ugell s vl g2s, gl g2s, [vllgss), (5.4)
0
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while combining the square of the estimate (3.32),

'
2 2 2 2
||%||H2.5 < C||U||H2.5+a (P(||U0||H3-5: ||U0||H3»5(r1)) + C/ (Hvtt”Hl.s + ||C]t||Hz45))

0

+ Cllvlizes + Cllvlizes

t
+cmwpm+ww;gomﬁmﬁ+ﬁummﬂg+cwmgm) (5.5)
(4.32) and (5.4), we obtain

2 2 2 2
g 1725 < P(Ivoll s, Nvoll gssaryy) + Ce(llvillzs + lgulizn + vll3ss)

t
+ P(llvill s, ||v||H2-5+5)/ P(I[vllg2sss, lvg ]l 25)
0

t
+/ Pl gl Nosellzzs 1ol s, 1ol s, Tl gzs, (gellm2, gl m2).- (5.6)
0
Lastly, squaring (4.68) and using (4.32),

2 2 2 2
||Utt||H1,5 < P(||v0||H3'55 ||U0||H3-5(F1)) + CE(Hvtt”Hl,s + ”qtl‘”HI + ||v||H3A5)

t t
2 2 2
+ CllvnllHu/ vl 72545 + C||U||Hz.5+3/ P(llvill s, 1orllg2s)
0 0

t
+/ P(Igeell s Nvaell 2, 10l s, Nosellgss 1ol gzs, Mgl g2, g1 a2), (5.7)
0
while squaring (3.33) and (4.32) give

2 2 2 2
”qtt”Hl < P(”UO”H“, ||U0||H3»5(1“|)) + Cé(llvtt”Hl.S + ||CItt||H1 + ”U”H&s)

t
2 2 2
+cwwm{mwm+fnmm)
0

t
+ P(llvll s, ”vt||H2-5)/ P(l1gecll ars Nveeellz2s gl g2, Noeell g Nvellgzs, ol gas)
0

t
+/ P(llgecll gt Nveeell 2, N0llgss, Nl s, Toclgess gl g2, gl a2)- (5.8)
0

Combining all the estimates, we obtain a Gronwall type inequality yielding the a priori estimates for the
local in time existence.
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