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Abstract. Vascular endothelial growth factor (VEGF) has been known as a key mediator of angiogenesis in cancer. Bevacizumab is anti-VEGF monoclonal antibody that has been approved by the FDA as a first-line treatment in many types of
cancer. In this paper, we extend a previously validated multiscale tumor model to comprehensively include the multiple roles
of VEGF during the course of angiogenesis and its binding mechanism with bevacizumab. We use the model to simulate
tumor system response under various bevacizumab concentrations, both in stand-alone treatment and in combination with
chemotherapy. Our simulation indicates that periodic administration of bevacizumab with lower concentration can achieve
greater efficacy than a single treatment with higher concentration. The simulation of the combined therapy also shows that
the continuous administration of bevacizumab during the maintenance phase can lead to antitumor activity which further
suppresses its growth. Agreement with experimental results indicates the potential of the model in predicting the efficacy of
anti-VEGF therapies and could therefore contribute to developing prospective clinical trials.
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1. Introduction
Angiogenesis, the formation of new blood vessels
from an existing vasculature, is a fundamental process that enables a solid tumor to sustain its growth
and metastasize to distant organs. The driving force
behind tumor-induced angiogenesis is the vascular
endothelial growth factor (VEGF), that is released
by starving tumor cells when the supply of oxygen
or nutrient becomes limited. Inhibition of VEGF to
suppress angiogenesis has become one major focus
in cancer therapy in recent decades.
Experiments have provided vast evidences on
multiple roles of VEGF during the course of angio∗ Corresponding

author: Melisa Hendrata, Department of Mathematics, California State University, Los Angeles 5151 State
University Drive, Los Angeles, CA 90032-8204, USA. E-mail:
mhendra@calstatela.edu.

genesis. Upon released by the tumors, VEGF diffuses
into the surrounding tissue and reaches the endothelial cells (EC) that form the lining of the blood vessel.
The binding of VEGF with the receptor VEGFR
located on the EC membrane triggers the sprouting
of the new vessels. The tip of these sprouts is made of
specialized ECs, called the tip cells. The ECs behind
the tip cells are the stalk cells that proliferate and elongate the sprout, forming the trunk of the capillaries.
The tip cells migrate and lead the growth direction of
the sprout towards the tumor [1–5]. This migratory
movement of EC tip cells is directed primarily by
positive chemotaxis up the VEGF gradient and also
by haptotaxis that occurs along the positive gradients
of cellular adhesion sites in the extracellular matrix
[6–8].
As in other living cells, ECs also undergo apoptosis, a programmed cell death that occurs naturally as
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part of its growth and development. In normal condition, apoptosis occurs as a balance between pro and
anti-apoptosis proteins. This balance can be disrupted
by VEGF-VEGFR binding, which triggers the activation of several other multiple downstream signaling
pathways, in particular the PI3K/AKT pathway that
regulates cell survival [9, 10]. Experiment by Nör
[11] has shown the correlation between higher VEGF
concentration and the upregulation of anti-apoptosis
protein BCl-2. This result indicates the ability of
VEGF to enhance EC survival by inhibiting cellular
apoptosis, and thus promotes angiogenesis.
Due to multiple roles of VEGF in facilitating
angiogenesis, various cancer therapies targetting
VEGF have been developed in pre-clinical and clinical settings. Bevacizumab, also known by its brand
name Avastin, is a cancer drug designed to prevent
VEGF from binding to VEGFR located on the EC
membrane. This blockage ultimately prevents the
blood vessels from reaching the tumor. Bevacizumab
was the first anti-angiogenic drug approved by FDA
for treatment of certain types of cancer, such as colorectal, kidney and lung cancers. It is administered
intravenously and can be used alone or in combination with other methods, such as chemotherapy.
Understanding the complex dynamics of VEGF
and its inhibitor is important in developing an effective treatment strategy. Although many pre-clinical
and clinical trials have been performed extensively,
assessment of the drug efficacy is still difficult to
conduct, and even more so for combined therapies. Computational models are useful in providing a
framework to study the detailed mechanism of VEGF
inhibitor, and to investigate tumor response to different treatment strategies.
For a long time, mathematical models have been
developed to study various anti-angiogenesis therapies [12–20]. Finley et al. [21] provides a summary of
developments in this area. Most models studied one
or more aspects of anti-angiogenesis strategies using
either discrete or continuous approach. Continuous
models consider the interactions between cell density and drug concentration that influence the viability
of tumor and ECs. Although computationally inexpensive, these models can only capture large-scale
features of angiogenesis, without maintaining cellspecific properties and individual cell interactions.
On the other hand, discrete models are able to capture
single-cell variability and finer processes involved
in angiogenesis at the expense of higher computational cost. Hybrid discrete-continuous models aim
to maximize the advantages of both implementations

within the same simulation. Many hybrid models for
angiogenesis are also multiscale models that encompass several biological scales from the intracellular
signaling up to vasculature formation at the tissue
level.
In this study, we extend our previously tested multiscale hybrid discrete-continuous model [22, 23] to
include detailed mechanisms of the role of VEGF in
angiogenesis and individual EC response to VEGF
and its inhibitor. We specifically aim to model: 1)
VEGF-VEGFR binding and EC tip activation, 2) EC
apoptosis signaling and cell survival, and 3) tumor
system response to bevacizumab and chemotherapy
drug. The model extension covers several biological
scales. At the molecular scale, we employ the pharmacodynamics Emax model to quantify the binding
effect of VEGF to VEGFR on EC membrane, which
serves as a trigger for angiogenesis initiation. We further combine the VEGF signaling with the apoptosis
signaling pathway to determine the viability state of
each EC. This molecular level model is connected to
the tissue level through reaction-diffusion partial differential equations that govern the changes in VEGF,
bevacizumab, and chemotherapy drug concentrations
at the extracellular scale. The algorithm at the cellular
scale is also extended to incorporate tumor response
to chemotherapy.
We perform model simulation to analyze the efficacy of bevacizumab in suppressing angiogenesis
and tumor growth. As a model system, we chose
A549 lung adenocarcinoma. In year 2020, lung cancer is the leading cause of cancer-related deaths in the
world. A549 is a non-small cell lung cancer (NSCLC)
cell line that has been used extensively as a testing
ground for therapeutic drugs development, such as
bevacizumab, paclitaxel and docetaxel, both in vitro
and in vivo [15, 24, 25]. We compare the effect of
different bevacizumab concentration and treatment
strategies on the VEGF expression in the tumor tissue, on the EC apoptosis and the resulting capillary
structure, and on the overall tumor volume. In addition, using the same model, we explore a combined
treatment strategy with chemoterapy drug paclitaxel.
Our simulation shows that continuous suppression of
angiogenesis by bevacizumab can effectively reduce
the overall growth of the tumor in the long run.

2. Methods
We extend our previous model [22, 23] at several
biological scales. In the extracellular scale, additional
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equations governing the changes in VEGF, bevacizumab and paclitaxel concentrations are added into
the system. At the molecular scale, the apoptosis signaling pathway of the EC is now added to control
its survival. At the cellular scale, additional feature
is added into each tumor cell agent, allowing it to
respond to chemotherapy drug, and at the tissue scale,
each key process of vasculature formation is designed
to be VEGF-dependent, in accordance with experimental observations. Figure 1 illustrates how these
biological scales are interconnected.
We choose the hybrid discrete–continuous modeling approach to study the complex interplay between
the tumor cells, endothelial cells, and their microenvironmental factors. The simulation developed in
this work consists of two types of interacting environments: (a) the discrete cell fields representing
tumor cells and ECs, and (b) the continuous fields
representing the microenvironmental factors. Components in the continuous fields are modeled through
a system of six coupled partial differential equations
(PDEs) reflecting the spatiotemporal dynamics and
interconnections between the following components:
oxygen, VEGF, matrix degradative enzyme (MDE)
and fibronectin, along with VEGF inhibitor (bevacizumab) and chemotherapy drug (paclitaxel). The
system of coupled PDEs is solved using the finite
difference scheme, in which both spatial domain and
time interval are discretized [26]. The tumor cells and
ECs are modeled as discrete agents residing in and
confined to a fixed two-dimensional domain.
∂u
= Du ∇ 2 u −
  
∂t
diffusion



γu e−|x−xk |





consumption by tumors

∂m
= Dm ∇ 2 m +
  
∂t
diffusion



2.1. Micro-environmental factors and drugs
dynamics
The extracellular scale is a central part of the model
that connects the other components. In this model,
we consider six extracellular micro-environmental
factors, namely oxygen, VEGF, matrix degradative enzyme (MDE) and fibronectin, along with
VEGF inhibitor (bevacizumab) and chemotherapy
drug (paclitaxel).
Oxygen is a critical factor that determines tumor
viability. The availability of oxygen facilitates tumor
growth, while hypoxic tumor cells secrete VEGF that
diffuses into the surrounding tissue, initiating EC
capillary formation. ECs adhere to the extracellular
matrix (ECM), which mainly consists of fibronectin
that bounds to the surrounding tissue, and require
ECM for their growth and migration during angiogenesis. Viable tumor cells produce MDE that diffuses
and degrades the ECM, enabling the tumor cells
to migrate within the tissue. In clinical treatment,
both bevacizumab and paclitaxel are injected intravenously, delivered by the capillaries, diffuse into the
tumor tissue and decay naturally. Bevacizumab binds
with VEGF, while paclitaxel kills tumor cells directly.
The reaction-diffusion equations governing the
spatial and temporal changes in the oxygen concentration u(x, t), MDE m(x, t), fibronectin f (x, t),
VEGF v(x, t), bevacizumab B(x, t), and paclitaxel
P(x, t) are as follows:
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consumption by tumors

where in the summation above Ñ, N1 , and N2 are the
set of cell indices that correspond to the active blood
vessel ECs, active and quiescent tumor cells, respectively, at time t. The current grid position is denoted
by x, while xk and ck denote the spatial position of
the k-th tumor cell and EC, respectively. The characteristic function XEC in equation (3) is equal to 1 if
the current grid position x is occupied by an EC, or
0 otherwise. The oxygen concentration in the bloodstream, denoted by ublood , is assumed to be constant.
The bevacizumab and paclitaxel concentrations in the
bloodstream, Bblood and Pblood , change over time due
to decay and periodic administration. We include the
following equations in the model:
Bblood (tk ) = Bblood (tk ) + FB ,

Pblood (tj ) = Pblood (tj ) + FP ,

dBblood
= −δB Bblood
dt
(7)
dPblood
= −δP Pblood
dt
(8)

where tk and tj are the drugs administration time, and
FB and FP are the amount of drugs administered.
Paclitaxel, like most chemotherapy drugs, targets
tumor cells directly and we will discuss the effect of
paclitaxel on the proliferation of tumor cells in the
following section. The parameters used in the extracellular scale and the values used in the simulation are
listed in Table 1 in the Appendix. We use the parameter values that come from experiments as much as
possible and only estimate those whose data are not
available.

delivery by vasculature

The coupled system of reaction-diffusion equations (1)-(6) are defined across a two-dimensional
rectangular domain representing a tumor tissue. The
domain is divided into grid of points with grid sizes
x and y. During each time-step of length t, these
chemicals diffuse across the grid points and cells consume from the nearby nodes. The central difference
scheme is employed to discretize the diffusion term
in the equations. The gradient at a grid point (i, j) is
calculated by taking the average value of the gradient
across the four orthogonal neighboring grid points.
We calculate the changes in the chemical concentrations in a fixed time step t and write t = nt,
for n = 0, 1, 2, .... As an example, the diffusion term
Dv ∇ 2 v of VEGF in equation (4) at time t = nt can
be approximated by

Dv ∇ 2 v = Dv

≈ Dv
+

∂2 v ∂2 v
+ 2
∂x2
∂y



vni+1,j − 2vni,j + vni−1,j
x2

vni,j+1 − 2vni,j + vni,j−1
y2


.

(9)

Combining (9) with the other terms in equation (4),
the VEGF concentration v at the grid point (i, j) at
time (n + 1)t can be computed by solving the following discretized equation for vn+1
i,j :
n
vn+1
i,j − vi,j

t


= Dv

vni+1,j − 2vni,j + vni−1,j
x2

Fig. 1. The integration of extracellular, cellular, molecular and tissue scales in the extended model.
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The other equations in the system (1)-(6) can be
implemented in a similar fashion.
2.2. Tumor model
In the cellular scale, the agent-based approach is
taken to model tumor phenotypic switch and migration. The object-oriented implementation strongly
supports agent-based modeling paradigm. We construct a Tumor class, and each tumor cell is an object
with a set of attributes, namely its position, viability
status, age, and threshold value Tc that determines the
cell’s resistance to chemotherapy drug. At each time
step, a tumor cell executes a sequence of operations
following the flowchart in Fig. 2.
The operation performed by each tumor cell is primarily dependent on its current state. We determine
whether a tumor cell is viable, quiescent, or necrotic
based on its local oxygen concentration u(x, t). Two
threshold values Tq and Tn are set and a cell is viable
if u(x, t) > Tq , necrotic if u(x, t) < Tn , and quiescent
otherwise.
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While the quiescent cells release VEGF, the viable
cells continue to proliferation check to determine if
either cell division or cell migration should take place.
The proliferation check consists of checking whether
a certain time interval T has elapsed since the last
cell division and whether there is available space in
its surrounding for a cell to divide and give rise to
a daughter cell. Physically, this wait-time T ensures
that the cell has completed all stages in its cell cycle.
In our simulation, we set T to be the cell’s doubling
time.
Paclitaxel, which is also known under the brand
name Taxol, targets cells that are undergoing mitosis. It specifically prevents cells to achieve metaphase
stage and prolong the activation of mitotic checkpoint. Furthermore, it stabilizes microtubules that
leads to either cell cycle arrest or apoptotic cell death
[27]. In our simulation, we set an individual threshold
value Tc for each cell so that it can proceed with mitosis if the local paclitaxel concentration P(x, t) ≤ Tc .
If P(x, t) > Tc , the cell pauses until the next iteration, and then randomly chooses whether it undergoes
cell cycle arrest and becomes quiescent, or becomes
apoptotic. We can capture cell’s variability in drug
resistance by setting a random threshold value Tc for
individual cell.
Viable cells that are not undergoing mitosis may
migrate to nearby available space according to the
discrete equation
xk (t + t) = xk (t) + vVk (t)t,

(10)

where v and t denote the step length and time step,
respectively. The migratory direction V(t) takes into
account the intercellular forces between cells and
the haptotaxis mediated by non-diffusible chemicals
such as fibronectin, and is defined as
Vk (t) = dI



N(t)

j=1,j =
/ k



∇Uk,j +



dH ξ∇f (xk )

  

(11)

haptotaxis by fibronectin

intercellular forces

where the intercellular potential U is taken to be the
net difference between the adhesion and repulsion
forces between two distinct cells.
Fig. 2. The flowchart shows a sequence of checks performed by
a tumor cell at each time step. Tumor viability is determined by
local oxygen concentration. While necrotic cells are mainly idle,
the quiescent cells release VEGF to initiate angiogenesis. Viable
tumors may undergo either cell division or migration. Cell division
occurs only if it has reached a certain age, is insufficiently affected
by chemotherapy drug, and if there is space available.

Uk,j = CA e−|xk −xj |/ lA − CR e−|xk −xj |/ lR .


 


adhesion
repulsion

(12)

The list of parameter values used in the cellular scale
is available in Table 2 in the Appendix.
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2.3. Angiogenesis model

to active state once E > Eactive , where Eactive is a
predefined threshold for EC activation.

The tissue scale of the model consists of the algorithm that governs the activation and dynamics of
ECs, both the tip and stalk cells. We incorporate
the apoptosis signaling pathway, which controls EC
survival and apoptosis, in response to the change in
VEGF concentration. This approach connects the tissue scale to the molecular scale via the extracellular
scale.
Similar to the tumor model described in the previous section, we employ the object-oriented paradigm
to implement the angiogenesis model. Each EC is an
object with the following attributes: cell type, activation status, position, age, and apoptosis protein
concentrations. Cell type is an attribute that takes on
a value 1 if the EC is a tip cell and 0 if it is a stalk cell.
The activation status has binary value as well. It is 1 if
EC has been activated through the binding of VEGF
to its receptor VEGFR, and 0 otherwise. As each
EC object is equipped with an apoptosis signaling
pathway, individual apoptosis protein concentrations
are also included as part of the EC’s attributes.
This enables us to capture cell variability and resistance to apoptosis. The VEGF-driven processes
during the course of angiogenesis are described
below.
VEGF-VEGFR binding The binding of VEGF to its
receptor VEGFR located on the tip of EC has been
shown to be the key process during the initial stage
of angiogenesis. We quantify the binding effect using
the nonlinear Emax model that is often used in doseresponse analysis of drugs [13, 28, 29]. The effect E
induced by VEGF upon binding to VEGFR is given
by
E=θ

Emax
1+

KD
[v]

,

Signaling pathway model for EC survival and apoptosis In addition to its role in EC tip activation, the
upregulation of VEGF concentration has been shown
to inhibit EC apoptosis and promote its survival.
Cellular apoptosis is controlled by two major
pathways: the intrinsic and extrinsic pathways. We
propose a simplified pathway that still captures the
activation and inhibition of the key proteins without
increasing the computational complexity as much.
The simplified intrinsic and extrinsic pathways are
shown in red boxes in Fig. 3. The intrinsic pathway
is triggered by intracellular apoptosis stimulus, such
as DNA damage, while the extrinsic pathway is triggered by death receptor TNF [30–33]. In response
to DNA damage, pro-apoptosis proteins, such as
Bax, are activated. The activation of Bax triggers the
release of cytochrome c, which in turn activates Caspase 9 protein. In the extrinsic pathway, the tumor
necrosis factor (TNF) activates Caspase 8 protein.
Both intrinsic and extrinsic pathways converge to the
activation of Caspase 3 protein leading to EC apoptosis.
On the other end, the P13K/Akt pathway, repesented by blue boxes in Fig. 3, is activated once
diffused VEGF reaches and activates the EC tip.
VEGF upregulation induces the expression of BCl-2,
which is the anti-apoptosis protein that suppresses the
activation of Bax [11, 34]. In addition, BCl-2 activates

(13)

where Emax is the maximum effect and [v] is the
local VEGF concentration. The parameter 0 < θ ≤ 1
indicates the intrinsic activity of VEGF. If θ = 1, the
intrinsic activity is maximal and the ligand is called
a complete agonist. If θ < 1, we say the ligand is
partial agonist. In our model, we assume that VEGF
is a complete agonist to VEGFR. The dissociation
constant KD is defined to be the ligand concentration bound to 50% of the receptors. Upon detecting
nonzero VEGF concentration, each EC agent calculates the binding effect E. EC switches from quiescent

Fig. 3. Schematic diagram of EC intracellular signaling. The
proteins involved in apoptosis pathway are represented by red
rectangles, while the ones involved in P13K/Akt pathway are
represented by blue rectangles. The P13K/Akt terminates at the
activation of CXCL8 proangiogenic protein that promotes cell
survival, while the apoptosis pathway leads to EC apoptosis.
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the proangiogenic chemokine CXCL8 that induces
EC survival, proliferation and migration [20].
We incorporate this signaling pathway of the EC
into the model to determine the fate of EC in response
to VEGF upregulation or its inhibition by bevacizumab. The biochemical kinetics involved in the
model are given in Table 4 in the Appendix. We
use the law of mass action to translate the biochemical kinetics into a system of ODEs (Table 5) which
govern the changes in the apoptosis protein concentrations. The reaction rate constants and initial value
of each apoptosis protein are listed in Table 6.
Tip cells migration Upon activation by VEGF, the
EC tip cells start to migrate while the stalk cells right
behind them proliferate and sprout, forming new vasculature. We assume that the growth direction of the
capillary sprout is determined by migratory direction
of the EC tip cell. The EC stalk cells behind it proliferate and elongate following the tip cell, forming a
contiguous sprout wall.
In our simulation setup, the tumor tissue is represented by a two-dimensional square lattice, where
we employ the agent-based approach with biased random walk to model the movement of EC tip on the
lattice points. The EC stalk cell right behind the tip
cell grows along the horizontal and vertical lines connecting the lattice points that have been previously
occupied by the tip cell, forming a continuous capillary, as shown in Fig. 4(a).
At any given time step, an EC tip cell occupies a
grid point (i, j), indicated as node N5 in Fig. 4(b).
The four grid points N1 , N2 , N3 , N4 orthogonally
surrounding the center grid point N5 form the von
Neumann neighborhood for this EC tip cell and these
are the possible locations that the cell can migrate to in
the subsequent time step. The EC tip cell can move up
to position N1 (i, j + 1), move down to N2 (i, j − 1),
move right to N3 (i + 1, j), move left to N4 (i − 1, j),
or stay at its current position N5 (i, j).
For each k = 1, ..., 5, we construct the probability function Pk that corresponds to each lattice point
Nk to determine the new position of the EC tip in
subsequent time step. We take into account the two
biasing factors in EC migratory direction, namely
the chemotaxis to VEGF and haptotaxis to the extracellular matrix (fibronectin), as proposed in [8, 16].
Thus,
Pk = α

σ
∇v + λ∇f · lk , for k = 1, 2, 3, 4,
σ+v
(14)

P5 = (P1 + P2 + P3 + P4 )/4,
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(15)

where the first term of the equation (14) denotes the
chemotaxis to VEGF gradient, while the second term
represents the attachment to fibronectin (haptotaxis).
The parameters α and λ denote the chemotactic and
haptotactic coefficients, respectively, and lk is the unit
vector along the kth direction. We construct the interval Ik , associated to each Pk , such that larger interval
correspond to higher probability Pk and the grid point
Nk that has higher VEGF concentration. We define
Ik as follows
I1 = (0, P̃1 ], Ik =

k−1

j=1

P̃j ,

k


P̃j , k = 2, . . . , 5,

j=1

(16)
where P̃j is the normalized probability function, that
is, P̃j = Pj / 5i=1 Pi . Upon detecting nonzero local
VEGF concentration, a random number r ∈ (0, 1) is
generated at every time step and the EC tip cell will
move to position Nk for which r ∈ Ik .
Capillary sprouting and branching A common phenomenon during tumor-induced angiogenesis that has
been experimentally observed is the brush border
effect, in which the frequency of branching increases
at the edge of the network as capillary sprouts get
closer to the tumor [35]. Since spatial distance to the
tumor correlates with the level of VEGF concentration, we employ positional information approach to
model the branching probability as a function of local
VEGF concentration. In [23], the branching probability
Pb (v) = min{max{0.02 ln(v) + 0.2, 0}, 1}

(17)

was used to ensure that the tip cell branches out
more frequently as it gets closer to the tumor (VEGF
source). Note that the probability Pb (v) increases as
VEGF concentration v increases.
At any time step, a random number r ∈ (0, 1) is
generated for each agent (the EC tip cell). If r ≤ Pb ,
then the EC tip will branch out and generates two
new EC tips. Two random numbers s1 , s2 ∈ (0, 1)
are generated and the two new EC tips will occupy
gridpoint Nk for which sk ∈ Ik , k = 1, 2. However, if
r > Pb , then EC tip will migrate to an adjacent location, as discussed previously, followed by stalk cell
elongation and sprouting.
Our algorithm would also allow two capillary
sprouts to encounter each other and merge (anastomosis). In the simulation this process would occur
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Fig. 4. (a) Capillary growth starting from a single EC tip on the parent blood vessel on the left boundary towards higher VEGF concentration
on the right boundary. At any grid point, an EC tip may branch out and yields two new EC tips, and the stalk cells behing the tips elongate.
Two capillaries may also merge and form a closed loop (anastomosis). Example of branching and anastomosis are indicated. Blue dots
denote the EC tips. VEGF gradient directs the migratory direction of the EC tip as well as the branching frequency. As the capillaries move
towards higher VEGF concentration, the branching frequency increases. (b) A schematic diagram showing two-dimensional lattice in which
an EC tip cell occupying a grid point N5 with its von Neumann neighborhood comprises the four grid points (N1 , N2 , N3 , N4 ) orthogonal
to it. The von Neumann neighborhood defines a set of possible locations to which the EC tip cell can move in the subsequent time step.

if an EC tip happens to occupy a grid point that is
currently or previously occupied by another EC tip.
In this case, the algorithm decides randomly which
sprout will continue to grow and deactivate the other
one. The list of parameter values used in the tissue
scale is available in Table 3 in the Appendix.

3. Results and discussion
Tumor angiogenesis can be quantified through various parameters, such as the estimation of VEGF
expression, MVD (Mean Vascular Density), Chalky
counting, MAGS (Microscopic Angiogenesis Grading System) scoring, and Color Doppler study [36].
We implement the proposed model in two simulation
setups. In the first set of simulations, we aim to analyze the effect of bevacizumab on VEGF expression,
capillary density and structure, as well as EC survival. For the simulation domain, we consider a unit
square D = [0, 1] × [0, 1] with parent blood vessel
with 6 EC tip cells located along the left boundary
(x = 0). The line tumor as the source of VEGF is
placed along the right boundary (x = 1). The initial
VEGF concentration is taken to be
v(x, y, 0) = e−(1−x) , (x, y) ∈ D,
2

(18)

while the bevacizumab concentration given intraperitoneally during the administration time tk is defined
by

B(x, y, tk ) =

if x = 0

FB ,
FB · e

−x2

,

(19)

otherwise.

With this setup, bevacizumab concentration at the
time of administration equals to FB in the blood vessel
along the left boundary, and exponentially decreases
as it moves further away from the vessel. Recall that
FB is the control parameter, which we set to be equal
to 0 for the control group, and some positive values for the case groups. The finite difference method
is implemented to solve the reaction-diffusion equations described in Section 2.1, along with with the
angiogenesis model in Section 2.3. The results of this
simulation will be discussed in details in Sections 3.1,
3.2, and 3.3.
In the second set of simulations, we analyze the
effect of bevacizumab on the overall tumor growth,
both when administered alone and when in combination with chemotherapy drug paclitaxel. Tumor
algorithm in Section 2.2 is now incorporated into the
simulation. We initially place 400 active and quiescent cells in the center of the simulation domain
D = [0, 1] × [0, 1], forming a lump of cells with
radius 0.1. The parent blood vessel is located along
the four perpendicular sides of the domain, that is,
along x = 0, x = 1, y = 0, and y = 1, with two randomly placed EC tip cells per side.
As the tumor used in the laboratory experiment
has been inoculated and grown to a certain size, we
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Fig. 5. Total VEGF expression in the tumor tissue under different bevacizumab concentrations. (a) Bevacizumab is administered once at
the beginning of the experiment. (b) A fixed amount of bevacizumab is added into the tumor tissue every other day for 10 days of treatment
duration. Comparison with experimental data from day 7 measurement from [24] is also shown.

assume that certain level of VEGF has already been
present in the tumor tissue when the first dose of bevacizumab is administered. In our simulation, we take
the initial VEGF distribution to be
v(x, y, 0) =

1,

for 0 ≤ r ≤ 0.1

(1.1 − r)2 ,

for r > 0.1,

(20)

where r is the distance from the point (x, y) to the
center of the tumor at (0.5, 0.5). This gives an approximation to the steady-state solution for the VEGF
released by a circular tumor with uniformly distributed cells in the lump. The VEGF concentration
gradually decreases in the region that is further away
from the lump. The simulation results will be discussed in Sections 3.4 and 3.5 below.
We implement our model in C++ programming
environment and use MATLAB for data analysis and
visualization. For model validation, our simulation
results are compared with the experimental data on
A549 lung adenocarcinoma from Zhang et al [24].

tered in two different ways. In the first treatment
method, bevacizumab is administered once at the
beginning of experiment, while in the second case,
administration is done periodically every other day
during the first ten days.
We compare our simulation result with the experimental data from [24] on day 7, where bevacizumab
is administered every other day. In Fig. 5, the total
VEGF expression from the experimental control
group on day 7 is taken to be the reference value.
By comparing (a) and (b) in Fig. 5, we see that periodic treatment, even with lower concentration, shows
higher efficacy in suppressing the VEGF expression.
With the periodic treatment, bevacizumab with concentration 3.0 mg/kg can reduce the total VEGF
expression by more than 45% at the end of day
10, while one-time treatment with concentration 6.0
mg/kg can only decrease the total VEGF expression
by 35%.

3.1. Effect of bevacizumab on VEGF expression

3.2. Effect of bevacizumab on capillary
morphology

Bevacizumab works by directly binding the circulating VEGF, thereby lowering the expression of
VEGF in the tumor tissue. Using the first simulation
setup described earlier, we compute the total VEGF
concentration in the tumor tissue (x,y)∈D v(x, y, t)
under bevacizumab treatment as a percentage relative
to the total VEGF concentration of the control group
(without bevacizumab treatment).
Figure 5 shows the comparison of total VEGF
expressions between the control and the case groups
with concentrations of 3.0 and 6.0 mg/kg adminis-

Using the same setup, we simulate the VEGFdriven capillary formation to investigate the effect of
bevacizumab on the capillary structure and branching
frequency.
Since the capillary branching probability is defined
as a function of VEGF concentration in equation
(17), our model is able to quantitatively measure
the effect of different bevacizumab concentration on
the branching frequency. Figure 6 shows that during
the first four days, there is no significant difference between the control group and the case groups.
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Fig. 6. The effect of different bevacizumab concentrations on the total number of capillary branching during the first 10 days of treatment.
(a) Bevacizumab is administered once at the beginning of the experiment. (b) A fixed amount of bevacizumab is added into the tumor tissue
every other day for 10 days of treatment duration. Comparison with experimental data from day 7 measurement from [24] is also shown.

Fig. 7. The effect of different bevacizumab concentrations on the capillary structure during the first 10 days of treatment: A) Control group,
B) Bevacizumab 3 mg/kg, and C) Bevacizumab 6 mg/kg.

However, at the end of day 10, bevacizumab concentrations of 3.0 and 6.0 mg/kg give approximately 50%
and 65% reductions in the total number of branching
when given once on day 1. If given periodically, the
reduction is much greater, that is, 66% and 83% for
concentration of 3.0 and 6.0 mg/kg, respectively.
Counting branching frequency directly is difficult to achieve in a laboratory experiment. A more
common approach to quantify angiogenesis is by
calculating the vascular density, which is defined
to be the total length of perfused vessels per unit
area of observation field. Zhang et al [24] provides experimental data on the vascular density of
the control group and case groups after 7 days of
periodic bevacizumab treatment. As branching frequency correlates to vascular density and both can be
used to measure tumor vascularization, we take these

experimental data to test the model. The comparison between experimental data and simulation results
on the branching frequency is shown in Figure 6(b),
where the total number of branching of the control
group on day 7 is taken to be the reference value.
Figure 7 shows the difference in capillary structure
between the control and case groups. Branching and
brush border formation are clearly seen in the control
group, but these phenomena are less prominent as
bevacizumab concentration increases.
3.3. Effect of bevacizumab on EC survival
To analyze the effect of various bevacizumab
concentrations on EC survival and apoptosis, we
implement the signaling pathway in Table 5. Since
apoptosis is determined by the level of activated Cas-
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Fig. 8. EC survival and apoptosis are determined by the level of activated CXCL8 and Casp3 proteins. (a) Bevacizumab is administered
once at the beginning of the experiment. (b) Bevacizumab is administered periodically every other day.

pase 3 protein and the activated CXCL8 level is
directly associated with EC proliferation and migration, in our model we determine EC viability by
taking the numerical difference between the level of
these two protein concentrations.
Figure 8 shows the level of activated CXCL8 and
Caspase 3 proteins with various bevacizumab concentrations under two different treatment methods.
In (a), the level of activated CXCL8 associated with
cell survival is constantly higher than the level of
Caspase 3 that drives cellular apoptosis, although
the difference decreases as bevacizumab concentration increases. In (b), bevacizumab is administered
periodically every other day and the level of Caspase 3 protein starts to exceed the level of activated
CXCL8 when the bevacizumab concentration is
slightly above 3. This result suggests that periodic
administration of bevacizumab is more effective even
with a much lower concentration.
3.4. Effect of bevacizumab on tumor growth
We now combine the tumor and angiogenesis models described in Sections 2.2 and 2.3 to simulate the
effect of bevacizumab on the overall tumor growth.
Recall that in the setup of the second set of simulations described earlier, the parent blood vessels
are located along the boundary of the simulation
domain D = [0, 1] × [0, 1]. Thus, we define the
bevacizumab concentration at the administration time
tk by
B(x, y, tk ) = Bblood (tk ) = FB ,

(21)

for (x, y) along the boundary of D and tk =
0, 2, ..., 10. For t =
/ tk or for (x, y) in the interior of

D, the change in the bevacizumab concentration is
calculated according to equation (5). Here we set the
concentration FB equal to 3 mg/kg or 6 mg/kg.
For each treatment dosage, we run 10 simulations
and record the average tumor radius, which is taken
to be the largest distance from a tumor cell to the
center of the lump at (0.5, 0.5). Assuming the spherical shape of the tumor mass, the volume can be
estimated according to the formula V = (4/3)πr 3 .
Figure 9 shows the growth of the tumor during the
first 10 days of treatment. The volume of the tumor
in the control group on day 9 is taken to be the reference volume, where the volume at different days or
different treatment groups are calculated as a percentage relative to this reference value. Compared with
the control group, tumor growth in the case groups
slows down significantly once treatment starts. Lower
bevacizumab concentration (3 mg/kg) reduces the
tumor volume on day 10 by 30% while bevacizumab
with twice higher concentration can reduce the tumor
volume up to approximately 55%, suggesting that
bevacizumab suppresses tumor growth in concentration dependent manner.

3.5. Exploring bevacizumab-paclitaxel
combined treatment
Experiments have shown promising efficacy data
in combined therapy that involves chemotherapy
drug and anti-VEGF. Using the proposed model,
we investigate the role of bevacizumab in a combined treatment with chemotherapy drug paclitaxel.
Our simulation result indicates the importance of
continuous bevacizumab administration during the
maintenance phase after chemotherapy.
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Incorporating equations (6) and (8) into the extracellular component of the model, we adopt the
treatment schedule used in Ishikura et al [37] in which
20 mg/kg paclitaxel and 5mg/kg bevacizumab were
administered on inoculated A549 lung cancer cells.
Four treatment groups are considered. The first group
is the untreated control group. In group 2, paclitaxel
is administered on days 1, 8 and 15. In group 3, both
paclitaxel and bevacizumab are administered simultaneously on days 1, 8 and 15. Finally in group 4, after
both paclitaxel and bevacizumab are administered on
days 1, 8, 15, weekly bevacizumab administration
continues on during the maintenance phase.
Since both paclitaxel and bevacizumab are injected
into the tissue intravenously, we set their concentration on the parent blood vessels located along the
domain boundary at the administration time tk to be
P(x, y, tk ) = Pblood (tk ) = FP , B(x, y, tk ) = Bblood (tk ) = FB

Fig. 9. The effect of different bevacizumab concentrations on
the tumor volume during the first 10 days of periodic treatment.
Bevacizumab is administered on day 0, 2,...,10. Comparison with
experimental data from day 7 measurement from [24] is also
shown.

(22)

where tk = 1, 8, 15 and the drug dosage FP =
20 mg/kg, FB = 5 mg/kg.
Figure 10 shows the comparison in tumor volume
between these treatment groups. The volume of each
group is calculated as a percentage relative to the
volume of the control group on day 32. While paclitaxel alone can reduce the tumor volume by around
40%, combination with bevacizumab supresses the
volume by approximately 55%. We note that in both
groups, the tumor can still grow after the last treatment on day 15 before reaching their stable volume
at around day 25. In group 4, continuous suppression
of angiogenesis by bevacizumab may contribute to
higher antitumor activity and smaller tumor volume.
Figure 11 shows the cross section of the tumor
morphology under these treatments on day 32. The
proliferative cells are colored in green, while the quiescent and apoptotic cells are shown in blue and red,
respectively. Under chemotherapy stand-alone treatment, proliferative cells still make up a good portion
of the lump even though the apoptotic cells are visible
around the perimeter. These viable cells can potentially keep growing unless paclitaxel is administered
with sufficiently high concentration to eventually stop
its growth and achieve stable volume. In groups 3 and
4, quiescent cells make up the biggest portion of the
lump as bevacizumab suppresses angiogenesis and
oxygen delivery. Although apoptotic cells are found
on the perimeter in both groups, more viable cells are
seen in group 3 than in group 4, and consequently
the tumor in group 3 saturates at a higher volume. In
group 4, the majority of the cells have become qui-

Fig. 10. Comparison of the tumor growth in stand-alone
chemotherapy, in combined treatments with bevacizumab, and in
combined treatments followed by bevacizumab maintenance.

escent. These cells, although not apoptotic, cannot
grow or divide.

4. Conclusion
Our previously developed multi-scale tumor model
has been extended to incorporate detailed mechanism
of VEGF during angiogenesis and simulate tumor
response to VEGF inhibitor, such as bevacizumab.
The strengths of the proposed model come from
the use of multiscale, hybrid discrete-continuous
approach that provides transparency and flexibility
in modeling different parts of the tumor system.
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Fig. 11. Cross sectional comparison of the tumor morphology on day 32 of the control group (1), under paclitaxel treatment only (2), under combined therapy with no maintenance (3), and under
combined treatment followed by bevacizumab maintenance (4).
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We adopt the Emax model to control the activation
of EC upon binding with VEGF. A set of biochemical
kinetics equations for the EC intracellular signaling
is now incorporated into the molecular scale of the
model and it takes into account the VEGF expression
as a factor that influences cellular apoptosis and survival. By employing a discrete biased random walk in
modeling VEGF-driven capillary formation, we can
directly investigate the effect of bevacizumab on the
capillary density and structure. Furthermore, it allows
us to model the blood flow through the fine capillary
network that delivers both the oxygen and anti-tumor
drugs, rather than make a simplified assumption that
any cell within a fixed distance from the blood vessel
receives sufficient supply of these chemicals. Likewise, by employing the agent-based model for the
tumor cell, we can include individual variability in
cell viability and resistance to chemotherapy drug,
mimicking the actual tumor system.
The inclusion of the EC apoptosis pathway allows
us to quantify EC cell survival as the numerical
difference between two main proteins that are responsible for cell apoptosis and survival. Although this
would be difficult, if not impossible, to test in the
experiment, the simulation result is able to show
that periodic treatment with lower concentration can
achieve greater efficacy than a one-time treatment
with higher concentration. Moreoever, our simulation of the combined therapy also shows significant
reduction in the tumor volume when continuous
administration of bevacizumab is maintained post
chemotherapy.
We realize that the proposed model still has shortcomings that can be addressed in future work. The
current model considers VEGF as the only switch
that can trigger angiogenesis even though there are
many angiogenic pathways that may allow angiogenesis to occur even though VEGF pathway has
been completely blocked. Additionally, although the
current model is able to produce results that agree
with the experiments, the simulation is run in twodimensional setting to minimize computational cost.
Given the transparency and flexibility of the hybrid
agent-based model, one could naturally extend this to
three dimensions to achieve better precisions.

cal questions and performed literature study. Both
authors designed the project and wrote the paper.
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Appendix
Table 1
Parameter values used in the extracellular component of the model
Symbol
Du
γu

δu
pu
r
Dm
μm
δm
δf
μf
Dv
μv
δv
γv
β
DB
δB
p
DP
γP
δP

Parameter

Value

Oxygen diffusion coefficient
Tumor cell oxygen consumption rate
Degree of chemical localization
Oxygen decay rate
Vessel permeability of oxygen
Blood vessel radius
MDE diffusion coefficient
Single cell MDE production rate
MDE decay rate
ECM degradation rate
Fibronectin production rate
VEGF diffusion coefficient
VEGF production rate
VEGF decay rate
VEGF uptake rate
Binding rate of VEGF and bevacizumab
Bevacizumab diffusion coefficient
Bevacizumab degradation rate
Vessel permeability to drug in tumor tissue
Paclitaxel diffusion coefficient
Paclitaxel uptake rate
Paclitaxel degradation rate

1.75 × 10−5

Reference
cm2 /s

6.25 × 10−17 M/cells/s
0.1
10− 3/h
3 × 10−4 cm/s
0.001 cm
10−9 cm2 /s
1*
0*
50*
0.05*
2.9 × 10−7 cm2 /s
0.6 nM/h
0.001/h
0.1 × 10−4 /s
35.1 pM
4 × 10−7 cm2 /s
0.17 day−1
17103 μ/s
4.27 × 10−6 cm2 /s
27.68 cm3 /g· day
1.23 day−1

[38]
[39]
Est. in [22]
[13]
[16]
[16]
[40]
[41]
[41]
[41]
[42]
[42]
[16]
[14]
[42]
[43]
[17]
[17]
[44]
[45]
[17]
[17]

*=non-dimensionalized value

Table 2
Parameter values used in the cellular component of the model
Symbol

Parameter

Value

Reference

CA /CR
lA , l R
ξ
T
Tq
Tn
Tc

Attraction to repulsion coefficient ratio
Attraction and repulsion length-scales
Haptotaxis coefficient
A549 lung cancer cell doubling time
Threshold oxygen level for quiescent state
Threshold oxygen level for necrotic state
Threshold value of paclitaxel toxicity

0.3*
0.5, 0.1*
2600 cm2 /s/M
22 hours
0.5
0.4
0.39

[23]
[23]
[41]
[46]
Est. in [22, 23]
Est. in [22, 23]
Est.

*=non-dimensionalized value

Table 3
Parameter values used in the tissue component of the model
Symbol

Parameter

Value

Reference

α
λ
σ
Emax
KD
Eactive

EC chemotaxis coefficient
EC haptotaxis coefficient
Constant of VEGF chemotaxis sensitivity
Maximum effect of VEGF on EC activation
Dissociation constant of VEGF at VEGF receptor
Threshold for EC activation

2600 cm2 s−1 M−1
986 cm2 s−1 M−1
1.667 × 10−10∗
0.05 h−1
10−7 M
0.5∗

[42]
[42]
[42]
[13]
[13]
Est.

*=non-dimensionalized value
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Table 4
Biochemical kinetics involved in apoptosis signaling pathways of endothelial cell
β

VEGF + Bevacizumab → VEGF·Bevacizumab
k1

VEGF + Akt → Akt∗
k2+

k3

Akt∗ + BCl 2  Akt∗ ·BCl 2 → BCl 2∗
k2−

k4+

k5

BCl 2∗ + CXCL 8  BCl 2∗ ·CXCL 8 → CXCL 8∗
k4−

k6

ApopStim + Bax → Bax∗
k7+

BCl 2∗ + Bax* BCl 2∗ ·Bax∗
k7−

k8+

k9

Bax∗ + Casp 9 Bax ∗ ·Casp9→Casp9∗
k8−

+
k10

k11

Casp 9∗ + Casp 3 Casp 9∗ ·Casp 3 →Casp 3∗
−
k10

k12

TNF + Casp 8 →Casp 8∗
+
k13

k14

Casp 8∗ + Casp 3 Casp 8∗ ·Casp 3 -→Casp 3∗
−
k13

Notation: A* = the activated state of protein A; A.B = the compound of proteins A
and B; k+ = forward rate constant of reaction; k− = reverse rate constant of reaction.

Table 5
The ODEs associated with the biochemical kinetics of the apoptosis signaling pathways of endothelial cell
d[VEGF.Bevacizumab]/dt = β[VEGF][Bevacizumab] = β[v][B]
d[Akt]/dt = −k1 [VEGF][Akt]
d[Akt∗ ]/dt = k1 [VEGF][Akt] − k2+ [Akt∗ ][BCl2] + k2− [Akt∗ .BCl2]
d[BCl2]/dt = −k2+ [Akt∗ ][BCl2] + k2− [Akt∗ .BCl2]
d[Akt∗ BCl2]/dt = k2+ [Akt∗ ][BCl2] − (k2− + k3 )[Akt∗ .BCl2]
d[BCl2∗ ]/dt = k3 [Akt∗ .BCl2] − k4+ [BCl2∗ ][CXCL8] + k4− [BCl2∗ .CXCL8] − k7+ [BCl2∗ ][Bax∗ ] + k7− [BCl2∗ .Bax∗ ]
d[CXCL8]/dt = −k4+ [BCl2∗ ][CXCL8] + k4− [BCl2∗ .CXCL8]
d[BCl2∗ .CXCL8]/dt = k4+ [BCl2∗ ][CXCL8] − (k4− + k5 )[BCl2∗ .CXCL8]
d[CXCL8∗ ]/dt = k5 [BCl2∗ .CXCL8]
d[Bax]/dt = −k6 [Bax][ApopStim]
d[Bax∗ ]/dt = k6 [Bax][ApopStim] − k7+ [BCl2∗ ][Bax∗ ] + k7− [BCl2∗ .Bax∗ ] − k8+ [Bax∗ ][Casp9]
+k8− [Bax∗ .Casp9]
d[ApopStim]/dt = −k6 [Bax][ApopStim]
d[BCl2∗ .Bax∗ ]/dt = k7+ [BCl2∗ ][Bax∗ ] − k7− [BCl2∗ .Bax∗ ]
d[Casp9]/dt = −k8+ [Bax∗ ][Casp9] + k8− [Bax∗ .Casp9]
d[Bax∗ .Casp9]/dt = k8+ [Bax∗ ][Casp9] − (k8− + k9 )[Bax∗ .Casp9]
+
−
d[Casp9∗ ]/dt = k9 [Bax∗ .Casp9] − k10
[Casp9∗ ][Casp3] + k10
[Casp9∗ .Casp3]
+
−
+
−
[Casp9∗ ][Casp3] + k10
[Casp9∗ .Casp3] − k13
[Casp8∗ ][Casp3] + k13
[Casp8∗ .Casp3]
d[Casp3]/dt = −k10
+
−
[Casp9∗ ][Casp3] − (k10
+ k11 )[Casp9∗ .Casp3]
d[Casp9∗ .Casp3]/dt = k10
d[Casp3∗ ]/dt = k11 [Casp9∗ .Casp3] + k14 [Casp8∗ .Casp3]
d[TNF]/dt = −k12 [TNF][Casp8]
d[Casp8]/dt = −k12 [TNF][Casp8]
+
−
d[Casp8∗ ]/dt = k12 [TNF][Casp8] − k13
[Casp8∗ ][Casp3] + k13
[Casp8∗ .Casp3]
+
−
[Casp8∗ ][Casp3] − (k13
+ k14 )[Casp8∗ .Casp3]
d[Casp8∗ .Casp3]/dt = k13
Notation: A* = the activated state of protein A; A.B = the compound of proteins A and B; k+ = forward rate constant
of reaction; k− = reverse rate constant of reaction.
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Table 6
Initial values of apoptosis proteins used in the simulation
Akt
BCl2
CXCL8
Bad
Casp9
Casp8

[0, 1]
[0, 1]
[0, 1]
[0, 1]
[0, 1]
[0,1]

Akt∗
BCl2∗
CXCL8∗
Bad∗
Casp9∗
Casp8∗

0
0
0
0
0
0

VEGF.Bevacizumab
Akt∗ .BCl2
BCl2∗ .CXCL8
BCl2∗ .Bad∗
Casp9∗ .Casp3
Casp8∗ .Casp3

0
0
0
0
0
0

FasL∗ .Casp8
Casp3
Casp3∗
Bad∗ .Casp9
ApopStim
TNF

0
[0, 1]
0
0
0.1
0.1

All values are in non-dimensional form. The value [0, 1] means a uniformly random number between 0 and 1. Notation: A* = the
activated state of protein A; A.B = the compound of proteins A and B. Here the initial values of the proteins are set to be a random
number between 0 and 1 representing the variability within the cells, while the activated form of these proteins are initially set to be
0.

